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ABSTRACT: We use the AdS/CFT correspondence to argue that large rotating black holes
in global AdSp spaces are dual to stationary solutions of the relativistic Navier-Stokes
equations on SP~2. Reading off the equation of state of this fluid from the thermodynam-
ics of non-rotating black holes, we proceed to construct the nonlinear spinning solutions
of fluid mechanics that are dual to rotating black holes. In all known examples, the ther-
modynamics and the local stress tensor of our solutions are in precise agreement with the
thermodynamics and boundary stress tensor of the spinning black holes. Our fluid dy-
namical description applies to large non-extremal black holes as well as a class of large
non-supersymmetric extremal black holes, but is never valid for supersymmetric black
holes. Our results yield predictions for the thermodynamics of all large black holes in all
theories of gravity on AdS spaces, for example, string theory on AdS5 x S and M theory
on AdSs x ST and AdS; x S*.
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1. Introduction

In this paper, we predict certain universal features in the thermodynamics and other clas-
sical properties of large rotating black holes in global AdSp spaces for arbitrary D. Our
analysis applies to black holes in any consistent theory of gravity that admits an AdSp
background; for example, IIB theory on AdSs x S® or M theory on AdS7 x S* or AdS, x S”.

All theories of gravity on an AdSp background are expected to admit a dual description
as a quantum field theory on SP~2x time [, Bl. Moreover, it is expected to be generally
true that quantum field theories at sufficiently high energy density admit an effective
description in terms of fluid dynamics. Putting together these facts, we propose that large,
rotating black holes in arbitrary global AdSp spaces admit an accurate dual description
as rotating, stationary configurations of a conformal fluid on SP~2.



Assuming our proposal is indeed true, we are able to derive several properties of large
rotating AdS black holes as follows: We first read off the thermodynamic equation of
state of the dual ‘fluid’ from the properties of large, static, non-rotating AdS black holes.
Inputting these equations of state into the Navier-Stokes equations, we are then able to
deduce the thermodynamics of rotating black holes. In the rest of this introduction, we
will describe our proposal and its consequences, including the tests it successfully passes,
in more detail.

Consider a theory of gravity coupled to a gauge field (based on a gauge group of
rank ¢) on AdSp. In an appropriate limit, the boundary theory is effectively described
by conformal fluid dynamics with ¢ simultaneously conserved, mutually commuting U(1)
charges R; (i = 1...c¢). Conformal invariance and extensivity force the grand canonical
partition function of this fluid to take the form

%m Zee =T B(¢/T), (1.1)

where ( represents the set of the ¢ chemical potentials conjugate to the U(1) charges of the
fluid, V and T represent the volume and the overall temperature of the fluid respectively
and d = D — 1 is the spacetime dimensions of the boundary. As we have explained above,
the as yet unknown function h({/T) may be read off from the thermodynamics of large,
charged, static black holes in AdS.

The thermodynamic equation of state described above forms an input into the relativis-
tic Navier-Stokes equations that govern the effective dynamics of the boundary conformal
fluid. The full equations of fluid dynamics require more data than just the equation of
state; for example we need to input dissipative parameters like viscosity. However, fluid
dynamics on S4 ! admits a distinguished ¢ + n + 1 parameter set of stationary solutions
(the parameters are their energy E, ¢ commuting charges R; and n = rank(SO(d)) = [%]
commuting angular momenta! on S?1). These solutions are simply the configurations into
which any fluid initial state eventually settles down in equilibrium. They have the feature
that their form and properties are independent of the values of dissipative parameters.

Although these solutions are nonlinear (i.e. they cannot be thought of as a small
fluctuation about a uniform fluid configuration), it turns out that they are simple enough to
be determined explicitly. These solutions turn out to be universal (i.e. they are independent
of the detailed form of the function h(¢/T)). Their thermodynamics is incredibly simple;
it is summarised by the partition function

(H = GRi — QuLa)] _ VaT™'W(¢/T)
T [lo—r(1—93) "
where H,L, and (), represent the energy, angular momenta and the angular velocities of

the fluid respectively and V; = Vol(S¢~1) is the volume of the sphere S¢~1.
We now turn to the gravitational dual interpretation of the fluid dynamical solutions

InZ,. =InTrexp |- (1.2)

we have described above. A theory of a rank ¢ gauge field, interacting with gravity on

'Here, we use the notation [x] to denote the integer part of the real number z. For a list of notation,
see appendix D



AdSp, possesses a c+n+ 1 parameter set of black hole solutions, labelled by the conserved
charges described above. We propose that these black holes (when large) are dual to the
solutions of fluid dynamics described in the previous paragraph. Our proposal yields an
immediate prediction about the thermodynamics of large rotating black holes: the grand
canonical partition function of these black holes must take the form of ([[.9).

Notice that while the dependence of the partition function ([.3) on (/T is arbitrary, its
dependence on €, is completely fixed. Thus, while our approach cannot predict thermody-
namic properties of the static black holes, it does allow us to predict the thermodynamics
of large rotating black holes in terms of the thermodynamics of their static counterparts.?
Further, our solution of fluid dynamics yields a detailed prediction for the boundary stress
tensor and the local charge distribution of the corresponding black hole solution, which
may be compared with the boundary stress tensor and currents calculated from black hole
solutions (after subtracting the appropriate counterterms [B—[L0]).

Our proposal is highly reminiscent of the membrane paradigm in black hole physics
(see, for instance, [T, [[J]). However, we emphasise that our fluid dynamical description of
black holes is not a guess; our proposal follows directly from the AdS/CFT correspondence
in a precisely understood regime (see [[3] for a review of AdS/CFT correspondence).?

We have tested the thermodynamical predictions described above on every class of
black hole solutions in AdSp spaces that we are aware of. These solutions include the most
general uncharged rotating black holes in arbitrary AdSp space [[[4-[Ld], various classes of
charged rotating black holes in AdSs x S [[4-R(], in AdS; x S* and in AdS, x S7 [B]-
RJ. In the strict fluid dynamical limit, the thermodynamics of each of these black holes
exactly reproduces® ([.Z). In all the cases we have checked, the boundary stress tensor
and the charge densities of these black holes (read off from the black hole solutions using
the AdS/CFT dictionary) are also in perfect agreement with our fluid dynamical solutions.
The agreement described in this paragraph occurs only when one would expect it to, as we
now explain in detail.

Recall that the equations of fluid mechanics describe the evolution of local energy den-
sities, charge densities and fluid velocities as functions of spatial position. These equations
are applicable only under certain conditions. First, the fluctuations about mean values (of
variables like the local energy density) must be negligible. In the situations under study
in our paper, the neglect of fluctuations is well justified by the ‘large N’ limit of the field
theory, dual to the classical limit of the gravitational bulk.

Second, the equations of fluid mechanics assume that the fluid is in local thermody-
namic equilibrium at each point in space, even though the energy and the charge densities

2The analogue of our procedure in an asymptotically flat space (which we unfortunately do not have)
would be a method to deduce the thermodynamics and other properties of the charged Kerr black hole,
given the solution of static charged black holes.

3 Alternatively, one could regard the agreement between fluid dynamics and gravity described below as
a test of the AdS/CFT correspondence (provided we are ready to assume in addition the applicability of
fluid mechanics to quantum field theories at high density).

1See, however, section for a puzzle regarding the first subleading corrections for a class of black
holes in AdSs.



of the fluid may vary in space. Fluid mechanics applies only when the length scales of
variation of thermodynamic variables - and the length scale of curvatures of the manifold
on which the fluid propagates - are large compared to the equilibration length scale of the
fluid, a distance we shall refer to as the mean free path I,,.

The mean free path for any fluid may be estimated as 4] Iy, ~ % where 7 is the shear
viscosity and p is the energy density of the fluid. For fluids described by a gravitational
dual, n = ;= where s is the entropy density [B4). Consequently, for the fluids under study

_s_
4mp*

for the solutions presented in this paper, comes from requiring that /,,s, be small compared

in this paper, Iy ~ As we will see in section B.7, the most stringent bound on Inp,
to the radius of the S9!, which we set to unity. Consequently, fluid dynamics should be
an accurate description for our solutions whenever Fsp < 1. In every case we have studied,
it turns out that this condition is met whenever the horizon radius, Ry, of the dual black
hole is large compared to the AdS radius , Rags. Black holes that obey this condition
include all black holes whose temperature is large compared to unity, but also includes
large radius extremal black holes in AdSs x S®, AdS7; x S* and AdS, x S7. It, however,
never includes supersymmetric black holes in the same backgrounds, whose horizon radii
always turn out to be of the same order as the AdS radius.

It follows that we should expect the Navier-Stokes equations to reproduce the ther-
modynamics of only large black holes. In all the cases we have studied, this is indeed the
case. It is possible to expand the formulae of black hole thermodynamics (and the stress
tensor and charge distribution) in a power series in Raqs/Rp. While the leading order
term in this expansion matches the results of fluid dynamics, we find deviations from the
predictions of Navier-Stokes equations at subleading orders.

Starting with the work of Policastro, Son and Starinets [BF], there have been several
fascinating studies over the last few years, that have computed fluid dynamical dissipative
and transport coefficients from gravity (see the review [P4] and the references therein).
The work reported in this paper differs from these analyses in several ways. Firstly, the
solutions of fluid mechanics we study are nonlinear; in general they cannot be thought of as
small fluctuations about the uniform fluid configuration dual to static black holes. Second,
all our solutions are stationary: dissipative parameters play no role in our work.

Indeed our work rather follows the same line of investigation as the one applied to
plasmaballs and plasmarings in [26, 7). These investigations used the boundary fluid dy-
namics to make detailed predictions about the nature and phase structure of the black
holes and black rings in Scherk-Schwarz compactified AdS spaces. The predictions of these
papers have not yet been quantitatively verified as the corresponding black hole and black
ring solutions have not yet been constructed. The perfect agreement between fluid dynam-
ics and gravity in the simpler and better studied context of this paper lends significant
additional support to those predictions of 26, 7| that were made using fluid mechanics.

While in this paper we have used fluid dynamics to make predictions for black hole
physics, the reverse view point may also prove useful. Existing black hole solutions in
AdS spaces provide exact equilibrium solutions to the equations of fluid dynamics to all
orders in lp,. A study of the higher order corrections of these solutions (away from the
Imfp — 0 limit) might yield useful information about the nature of the fluid dynamical



approximation of quantum field theories.

The plan of our paper is as follows - In section [}, we set up the basic fluid mechanical
framework necessary for our work. It is followed by section f} in which we consider in detail
a specific example of rigidly rotating fluid - a conformal fluid in S® x R. A straightforward
generalisation gives us a succinct way of formulating fluid mechanics in spheres of arbitrary
dimensions in section [

We proceed then to compare the fluid mechanical predictions with various types of
black holes in arbitrary dimensions. First, we consider uncharged rotating black holes in
arbitrary dimensions in section . Their thermodynamics, stress tensors and charge distri-
butions are computed and are shown to exactly match the fluid mechanical predictions. In
section [, we turn to the large class of rotating black hole solutions in AdSs x S°. Many
different black holes with different sets of charges and angular momenta are considered in
the large horizon radius limit and all of them are shown to fit exactly into our proposal in
the strict fluid dynamical limit. However we also find deviations from the predictions of
the Navier-Stokes equations at first subleading order in ln,g, for black holes with all SO(6)
Cartan charges nonzero (these deviations vanish when the angular velocities, or one of the
SO(6) charges is set to zero). This finding is at odds with naive expectations from fluid
dynamics, which predict the first deviations from the Navier-Stokes equations to occur at
(’)(l?nfp) and is an as yet unresolved puzzle.

This is followed by section [i, dealing with large rotating black holes in AdS, x ST and
AdS7 x S* backgrounds which are dual to field theories on M2 and M5 branes respectively.
The thermodynamics of the rotating black hole solutions in these spaces are derived from
their static counterparts using the duality to fluid mechanics and it is shown how the known
rotating black hole solutions agree with the fluid mechanical predictions in the large horizon

radius limit. In each of these cases, the formulae of black hole thermodynamics deviate

2
mfp

expectations. In the final section, we conclude our work and discuss further directions.

from the predictions of the Navier-Stokes equations only at O(IZ . ) in accord with general

In appendix [A], we discuss the constraints imposed by conformal invariance on the
equations of fluid mechanics. In appendix [J, we discuss the thermodynamics of free theories
on spheres. In appendix [(, we present our computations of the boundary stress tensor for
two classes of black holes in AdS spaces. In appendix [0, we summarise the notation used
throughout this paper.

2. The equations of fluid mechanics

2.1 The equations

The fundamental variables of fluid dynamics are the local proper energy density p, local
charge densities r; and fluid velocities u* = (1, 7). Assuming local thermodynamic equi-
librium, the rest frame entropy density s, the pressure P, the local temperature 7 and
the chemical potentials u; of the fluid can be expressed as functions of p and r; using the
equation of state and the first law of thermodynamics, as in section R.H, section P.q be-
low. In what follows, we will often find it convenient to express the above thermodynamic

quantities in terms of 7 and p; rather than as functions of p and r;.



The equations of fluid dynamics are simply a statement of the conservation of the
stress tensor T and the charge currents J!'.

VT = 9, T" + T TN + T, TH = 0,

(2.1)
Vi = 8, + T, T = 0.

2.2 Perfect fluid stress tensor

The dynamics of a fluid is completely specified once the stress tensor and charge currents are
given as functions of p, r; and u”. As we have explained in the introduction, fluid mechanics
is an effective description at long distances (i.e, it is valid only when the fluid variables vary
on distance scales that are large compared to the mean free path l;,¢,). As a consequence
it is natural to expand the stress tensor and charge current in powers of derivatives. In
this subsection we briefly review the leading (i.e. zeroth) order terms in this expansion.

It is convenient to define a projection tensor

P = g + utu”. (2.2)

PH projects vectors onto the 3 dimensional submanifold orthogonal to u*. In other words,
P may be thought of as a projector onto spatial coordinates in the rest frame of the fluid.
In a similar fashion, —u*u” projects vectors onto the time direction in the fluid rest frame.

To zeroth order in the derivative expansion, Lorentz invariance and the correct static
limit uniquely determine the stress tensor, charge and the entropy currents in terms of the
thermodynamic variables. We have

10 _ v v
Tperfoct - pu”u + ppH ’

(Jiu)porfect = Tiu'uy (23)

(Jg)perfect = S’LLM,

where p = p(7, ;) is the rest frame energy density, s = s(7, u;) is the rest frame entropy
density of the fluid and u; are the chemical potentials. It is not difficult to verify that
in this zero-derivative (or perfect fluid) approximation, the entropy current is conserved.
Entropy production (associated with dissipation) occurs only at the first subleading order
in the derivative expansion, as we will see in the next subsection.

2.3 Dissipation and diffusion

Now, we proceed to examine the first subleading order in the derivative expansion. In
the first subleading order, Lorentz invariance and the physical requirement that entropy
be non-decreasing determine the form of the stress tensor and the current to be (see, for
example, section 14.1 of [2g])

(ﬁLilsjsipative = _é'ﬁpl“/ - 2770#” + q“uV + ’LL’uqy,
(Jéu)dissipative = qf, (24)
q" — g
(Jg)dissipative = #Zl .



where

a” = u’'V,ut,

U=V,
Nz 1 LA v VA m 1 uv
o == (P Vo’ + PPV ) - P, (2.5)

" = —kP" (0, T +a,7T),

¢ = =Dy Pa, ().
are the acceleration, expansion, shear tensor, heat flux and diffusion current respectively.
These equations define a set of new fluid dynamical parameters in addition to those of
the previous subsection: ( is the bulk viscosity, 1 is the shear viscosity, s is the thermal
conductivity and D;; are the diffusion coefficients. Fourier’s law of heat conduction ¢ =
—kV'T has been relativistically modified to

¢ = —-kP*" (0, T +a,T), (2.6)

with an extra term that is related to the inertia of flowing heat. The diffusive contribution
to the charge current is the relativistic generalisation of Fick’s law.

At this order in the derivative expansion, the entropy current is no longer conserved;
however, it may be checked [Rg] that

TV, Jh = % + T (D 19ql g, + CO* + 2no 0t (2.7)
As g, ¢! and o are all spacelike vectors and tensors, the r.h.s. of (B7) is positive provided
1,(,k and D are positive parameters, a condition we further assume. This establishes that
(even locally) entropy can only be produced but never destroyed. In equilibrium, V“Jg
must vanish. It follows that, ¢*, ¢/, 6 and o each individually vanish in equilibrium.

From the formulae above, we see that the ratio of Tcﬁ:sipative to T Iﬁ‘el;fect is of the order
n/(Rp) where 7 is the shear viscosity, p is the rest frame energy density and R is the typical
length scale of the flow under consideration. Consequently, the Navier-Stokes equations
may be thought of as the first term in a series expansion of the microscopic equations in
Imfp/R , where Ly ~ %. In this sense, lnfp plays a role analogous to the string scale in
the derivative expansion of the effective action in string theory. This length scale may
plausibly be identified with the thermalisation length scale of the fluid.’

When studying fluids on curved manifolds (as we will proceed to do in this paper),
one could add generally covariant terms, built out of curvatures, to the stress tensor. For
instance, we could add a term proportional to R*” to the expression for T*”. We will
ignore all such terms in this paper for a reason we now explain. In all the solutions of fluid
mechanics that we will study, the length scale over which fluid quantities vary is the same

as the length scale of curvatures of the manifold. Any expression built out of a curvature

5This may be demonstrated within the kinetic theory, where Imfp is simply the mean free path of colliding
molecules, but is expected to apply to more generally to any fluid with short range interactions.



contains at least two spacetime derivatives of the metric; it follows that any contribution
to the stress tensor proportional to a curvature is effectively at least two orders subleading
in the derivative expansion, and so is negligible compared to all the other terms we have
retained in this paper.

2.4 Conformal fluids

We will now specialise our discussion to a conformal fluid — the fluid of the ‘stuff’ of a
conformal field theory in d dimensions. Conformal invariance imposes restrictions on both
the thermodynamics of the fluid and the derivative expansion of the stress tensor discussed
in the previous subsection.

To start with, conformal invariance requires that the stress tensor be traceless.® This
requirement relates the pressure of a conformal fluid to its density as P = dTpl (this
requirement may also be deduced from conformal thermodynamics, as we will see in the
next subsection) where d is the dimension of the spacetime in which the fluid lives. Further,
the tracelessness of the stress tensor also forces the bulk viscosity, ¢, to be zero.

It is easy to verify that these constraints are sufficient to guarantee the conformal
invariance of the fluid dynamical equations listed above. Consider a conformal transfor-
mation g, = e2¢§,w under which fluid velocity, temperature, rest energy density, pressure,
entropy density and the charge densities transform as

b = e_¢ﬂ”,

T = e_d”j',
p=e"p, P=e"P,
s =e ([@=Dog.

ri = e @ Doz,

It is easy to verify that these transformations induce the following transformations on
the stress tensors and currents listed in the previous subsection”

THY — e—(d+2)¢fw,
JH = e gk, (2.8)
JE = e_d‘z’jg.

These are precisely the transformation properties that ensure the conformal invariance of
the conservation equations (R.1]). See appendix [A] for more details.

5More accurately, conformal invariance relates the nonzero trace of the stress tensor to certain curvature
forms; for example, in two dimension T} = 53R where R is the scalar curvature. However, as we have
described above, curvatures are effectively zero in the one derivative expansion studied in this paper. All
formulae through the rest of this paper and in the appendices apply only upon neglecting curvatures. We

thank R. Gopakumar for a discussion of this point.

SR  CR S

"Note that under such a scaling, the viscosity, conductivity etc. scale as k = e 7,

Wi = €7¢/Zi and D;; = 67(d72)¢5i3‘.



2.5 Conformal thermodynamics

In this subsection, we review the thermodynamics of the conformal fluids we discuss below.
The notation set up in this subsection will be used through the rest of this paper.
Define the thermodynamic potential

O=E-TS — 1iR; . (2.9)
for which the first law of thermodynamics reads
d® = -8d7T — PdV — R;dp; . (2.10)
Let us define v; = p;/7. It follows from conformal invariance and extensivity that
d=-VTeh), (2.11)

where h(v) is defined by this expression. All remaining thermodynamic expressions are
easily determined in terms of the function h(v;)

p=(d—1)P = (d—1)Th®),
ri =T hi(v), (2.12)
s =T Ydh — v;hy),

where

_ o
_81/,-

denotes the derivative of h with respect to its i*" argument.

h;

2.6 A thermodynamic identity

We will now derive a thermodynamic identity that will be useful in our analysis below.
Define
r=-78+PV—-—uR; =¢+PV, (2.13)

the first law of thermodynamics implies that
dI' = =8d7 + VAP — R;du; . (2.14)
Consider scaling the system by a factor (1+¢). Under such a scaling, extensivity implies that
dl' =€l d7 =dP =du; =0,

which when substituted into (2.14)) tells us that I' = 0. Then we can divide (R.13) and (R.14)
by V to get

p+P=sT +pri,

(2.15)
dP = sd7 + rydy; .

in terms of the other thermodynamic variables.

— 10 —



3. Equilibrium configurations of rotating conformal fluids on S3

In this section and in the next, we will determine the equilibrium solutions of fluid dynamics
equations for conformal fluids on spheres of arbitrary dimension. In this section, we work
out the fluid dynamics on S® plus a time dimension in detail.® In the next section, we
generalise the results of this section to spheres of arbitrary dimension.

3.1 Coordinates and conserved charges

Consider a unit S embedded in R* as

z! = sin 6 cos ¢

2 . .
x“ = sin # sin
, g (3.1)
x° = cos 0 cos ¢a
z* = cos O sin ¢y
with 0 € [0, 5], ¢4 € [0,27). The metric of the spacetime 93 x R is
ds? = —dt* 4+ d6? + sin? 0 d¢? + cos? 0 d¢3 . (3.2)
This gives the following non-zero Christoffel symbols:
0 _ 0 _ ; ¢1 _pd1 P2 _ P2 _
Loig = —Tgpp, = —cosOsind, Ty, =T, =cotd, Iyl =T72,=—tanf. (3.3)

For the stationary, axially symmetric configurations under comsideration, O,TH" =

dp,T" = 0. Using (B.3), (1) becomes

0=V, T" =09y + (cot § — tan 0)T?,
0=V,T" =09T% + (cot § — tan )T + cos O sin 6 <T¢1¢1 - T¢2¢2) )

0=V, T+ = 9T + (cot § — tan 6)T??* + 2cot 6 T,
0=V, T"% = 9572 4 (cot § — tan 0)T?? — 2tan § T2,

The Killing vectors of interest are 0; (Energy) and 04, (SO(4) Cartan angular mo-
menta). Using the formula for the related conserved charge, [ d3z\/—g To“gw,k” , we get:

E = /d@d(bldqﬁg cosf@sin@ T,
L= / dfd¢1degy cos O sin® 0 T (3.8)

Ly = / dfderdgs cos® Osin 6 T2,

8In this case, the dimensions of the spacetime in which the fluid lives is d = 3 + 1 = 4. The number
of mutually commuting angular momenta is n = 2. The black hole dual lives in AdS space of dimensions
D=d+1=5.

— 11 —



Assuming ¢* = ¢! = 0 (as will be true for stationary solutions we study in this paper), the
entropy and the R-charges corresponding to the currents in (R.3) are given as

S = /d0d¢1d¢2 cosfsinf~s,

R, = /d@d(bldqﬁg cos 0 sin® 0 yr; .

3.2 Equilibrium solutions

As we have explained in the section P.J, each of the three quantities o ,q“,qﬁ must
vanish on any stationary solution of fluid dynamics. The requirement that ¢*” = 0 has a
unique solution - the fluid motion should be just a rigid rotation. By an SO(4) rotation
we can choose the two orthogonal two planes of this rotation as the (1-2) and (3-4) planes
(see (B.1)). This implies that u* = ~(1,0,w;,ws) (where we have listed the (¢,0, ¢1, $2)

components of the velocity) with v = (1 — v?) % and v? = w?

sin? 0 + w2 cos? 6, for some
constants wy and ws.

Our equilibrium fluid flow enjoys a symmetry under translations of ¢, ¢; and ¢o;
consequently all thermodynamic quantities are functions only of the coordinate 6.

Evaluating the tensors in (2.5), we find

41T (3.10)
n— =
q Ky <0,d9 [7]’0’())’

The requirement that ¢* and ¢! vanish forces us to set
T=1y, =7y, (3.11)

for constant 7 and v;. These conditions completely determine all the thermodynamic
quantities as a function of the coordinates on the sphere. We will now demonstrate that
this configuration solves the Navier-Stokes equations.

First note that for an arbitrary rigid rotation, the dissipative part of the stress tensor
evaluates to

01 0 0
10 W1 W2 d T
THY = kA2 — | = 12
dissipative Ky 0 w1 00 do |:,Y ’ (3 )
Owez 0 O

- 12 —



an expression which simply vanishes once we impose (B.11]). Consequently, all nonzero
contributions to the stress tensor come from the ‘perfect fluid piece’ and are given by

(p+v*P) 0 wi(p+P) wa(p+P)
2 0 ~7%P 0 0
perfect — 1 wi(p+P) 0 wip+(csc?—wicot?0)P wiwa(p + P)
wa(p+P) O wiwe(p + P) w3p+(sec? 0 —w? tan? 0)P
(3.13)
The only non-trivial equation of motion, (B.§), can be written as
AP p+Pdy
— — ——=0. 3.14
9 5 a8 (3:.14)
Now using the thermodynamic identity (2.15) we may recast (B.14) as
L e =iy 1
153 [’J—MrdH[fy} 0 (3.15)

an equation which is automatically true from (B.1J). Consequently, rigidly rotating con-
figurations that obey (B.I1]) automatically obey the Navier-Stokes equations.

In a similar fashion, it is easy to verify that all nonzero contributions to the charge
currents come from the perfect fluid piece of that current, and that the conservation of
these currents holds for our solutions.

In summary the 3 4+ ¢ parameter set of stationary solutions to fluid mechanics listed
in this subsection (the parameters are 7,w, and v; where i = 1...c ) constitute the most
general stationary solutions of fluid mechanics.

3.3 Stress tensor and currents

Using the equations of state (R.13), we find that

p =3P =3 h(v),
s = 73 [4h(v) — vihi (V)] (3.16)
ri = 79°hi(v).

The stress tensor is

3+v2 0 4w 4w
0 1-—22 0 0
T = 7% A~® 3.17
il 4w 0 3w% + csc? h — w% cot? 6 4wiwo ( )
4wo 0 dwiws 3w% +sec? f — w% tan? 6
Charge and entropy currents are given by
J = 3~42Ci(1,0, w1, wo)
¢ =77 Gl 0w, 00) (3.18)

Jg = y1B(1,0,w;,ws),
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where we have defined

A=h(),
B = 4h(v) — v;hi(v), (3.19)
Ci=hi(v) = g_li

3.4 Charges

The energy, angular momentum, entropy and R-charges may now easily be evaluated by
integration: we find

B Vit A [ 2w} N 2w3 +3

(1—w%)(1—w§) _1—w% 1—w§ ’
V4T4A [ 2(.«)1

Ly = 2 2 2|

(1-wp)(1—w3) [1—wi
1A 2

Ly= A “’22] : (3.20)
(1—wi)(l —wjy) [1—w;

g Vum3B
(1 —wi)(1—wi)’

RZ’ _ V4T3CZ'

(1 —wh)(d —wi)’

where V; = Vol(S3) = 27? is the volume of S3. These formulae constitute a complete
specification of the thermodynamics of stationary rotating conformal fluids on S3.

3.5 Potentials

In the previous subsection we have evaluated all the thermodynamic charges of our rotat-
ing fluid solutions. It is also useful to evaluate the chemical potentials corresponding to
these solutions. To be specific we define these chemical potentials via the grand canonical
partition function defined in the introduction

Zgo = Trexp <%(—H 4+ QuLg + C,-Ri)> = exp <—E — 15— gaLa — CiRi) , (3.21)

where the last expression applies in the thermodynamic limit. In other words

OFE OFE OFE
r=(5%5) - ou=(az) - a=(3g) - @
95 )1, R; 9La /s 1, R, OR; Js 1, R,

It is easy to verify that?

CTZT7 Qa:wa, Ci:TVi- (323)

Note that T, Q, and (; are distinct from 7, w, and w;. While the former quantities
are thermodynamic properties of the whole fluid configuration, the latter quantities are

9We can express dF — 7dS — wad L, — Tv;dR; in terms of d7, dw,, dv; and check that it vanishes, or we
can check the Legendre transformed statement d(E — 75 — waLa — TV R;) = —Sd7 — Lodwa — Rid(7T15).
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local thermodynamic properties of the fluid that vary on the S3. In a similar fashion, the
energy FE of the solution is, of course, a distinct concept from the local rest frame energy
density p which is a function on the sphere. In particular, F receives contributions from
the kinetic energy of the fluid as well as its internal energy, &£.

3.6 Grand canonical partition function
The grand canonical partition function (B.21)) is easily computed; we find

ViT°n(¢/T)
(1-on(-03)°

InZ,. = (3.24)
where V; = V(S3) = 272 is the volume of S3.

In other words, the grand canonical partition function of the rotating fluid is obtained
merely by multiplying the same object for the non-rotating fluid by a universal angular
velocity dependent factor.

3.7 Validity of fluid mechanics

A systematic way to estimate the domain of validity of the Navier-Stokes equations would
be to list all possible higher order corrections to these equations, and to check under what
circumstances the contributions of these correction terms to the stress tensor and currents
are small compared to the terms we have retained. Rather than carrying out such a detailed
(and worthwhile) exercise, we present in this section a heuristic physical estimate of the
domain of validity of fluid dynamics.

Consider a fluid composed of a collection of interacting ‘quasiparticles’, that move at
an average speed v, and whose collisions are separated (on the average) by the distance Iy,
in the fluid rest frame. Consider a particular quasiparticle that undergoes two successive
collisions: the first at the coordinate location x1 and subsequently at xzo. In order for the
fluid approximation to hold, it must be that

1. The fractional changes in thermodynamic quantities between the two collision points
(e.g. [T(x1) —T(x2)]/T(x1)) are small. This condition is necessary in order for us to
assume local thermal equilibrium.

2. The distance between the two successive collisions is small compared to the curva-
ture/compactification scales of the manifold on which the fluid propagates. This
approximation is necessary, for example, in order to justify the neglect of curvature
corrections to the Navier-Stokes equations.

Let us now see when these two conditions are obeyed on our solutions. Recall that
the local temperatures in our solutions take the form 7 = T+ where T is the overall
temperature of the solution. If we treat the free path [, as a function of temperature
and chemical potentials, conformal invariance implies that

1
lmfp(Ty Vz') = ;lmfp(Ta Vi) .
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Hence, the first condition listed above is satisfied when the fractional variation in (say)
the temperature is small over the rest frame mean free path ly,g,(7,v;), i.e. provided

lmfp(T, Vi) <7 <8f7>—1
/7 )

= (3.25)

which must hold for all points of the sphere.! The strictest condition one obtains from
this is
1

) < :
[VI—f - V1=

It turns out that the second condition listed above is always more stringent, espe-

It (T, v (3.26)

cially when applied to fluid quasiparticles whose rest frame motion between two colli-
sions is in the same direction as the local fluid velocity. It follows from the formulae of
Lorentz transformations that the distance on the sphere between two such collisions is
Imtp (T, v3)Y(1 +v/vp) = lmgp (T, v3) (1 +v/vp), where v, is the quasiparticle’s velocity in the
rest frame of the fluid and v the fluid velocity. As the factor (1+wv/v,) is bounded between
1 and 2, we conclude that the successive collisions happen at distances small compared to
the radius of the sphere provided

It (T, ) < 1. (3.27)

Hence, we conclude that the condition (B.27) (which is always more stringent
than (B.2)) is the condition for the applicability of the equations of fluid mechanics.

Of course the model (of interacting quasiparticles) that we have used to obtain (B.27)
need not apply to the situations of our interest. However the arguments that led to (8.27)
were essentially kinematical which leads us to believe that the result will be universal.
Nonetheless, it would be useful to verify this result by performing the detailed analysis
alluded to at the beginning of this subsection.

4. Rotating fluids on spheres of arbitrary dimension

We now generalise the discussion of the previous section to the study of conformal fluids
on spheres of arbitrary dimension.
Let us embed S in R?**+! ag

a—1
g2l = (H cos 9b> sin 0, cos ¢, ,

b=1

a—1
2 = (H cos 0b> sin 0, sin ¢ , (4.1)

b=1
n

g2t = (H CoS Hb) ,
b=1

10Recall that all variations in the temperature are perpendicular to fluid velocities, so that the typical
scale of variation in both the rest frame and the lab frame coincide.
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Where 6,, € [0, 7], all other §, € [0, 5] and ¢, € [0,27). Any products with the upper limit
smaller than the lower limit should be set to one. Although we appear to have specialised to
even dimensional spheres above, we can obtain all odd dimensional sphere, S?"~! simply
by setting 0, = w/2 in all the formulae of this section.

The metric on S?"x time is given by

n a—1 n a—1
ds? = —dt? + Z <H cos? 0b> dé? + Z (H cos? 0b> sin? 0,d¢? . (4.2)
a=1 \b=1 a=1 \b=1

We choose a rigidly rotating velocity

ul =7 uws =0 ubs = YWq
2\—1/2 2 = 2 . 2 2 (4.3)
y=1—-03)"V2 :Z Hcos Oy | sin” O,w>
a=1 \b=1
As in section B.9, the equations of motion are solved, without dissipation, by setting
T .
— = 7 = constant, Hi_ v; = constant, (4.4)
~ T

which gives the densities

p=(d—1)P = (d— 1)),
s = 7 dh(v) — vy (v)], (4.5)

d—1_d-1
ri =77 A hi(v),
This gives a stress tensor

T = TdA(d’yd+2 — ’yd) Tta = TPat — TdAd’derzwa
—1
00 — TdA’yd “1_[ sec? 0,
b=1 (4.6)

a—1
dvd”wg + 74 <H sec? 9b> csc? 0,
b=1

TP%a = 794 T%% = 19 Ady 20,0,

and currents
Jb = 7471 By Jg“ =0 Jg" = 741 Bylw,

4.7
JE =110t gl =0 JP = 110y, *.7)
where
A=h(v),
B = dh(v) — vihi(v), (4.8)
CZ' = hz(l/) .
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Integrating these gives'!

Vardh(v) w?
E==%_"" 12 @ 4d-—1
L= |21 ’

Vy 1 dh(v) — vihi (V)]

a

S= ;
[1,(1 —wyp) (4.9)
- Vatdh(v) [ 2w,
‘o Hb(l—wg) 1—w?]’
R — Vyrd-1 hi(zy) 7
[1,(1 —wy)
where
2.ﬂ.d/2
_ d—1y _
Vd—VOI(S )—F(d/2).
Differentiating these gives
T=r Qa:wa Ci:TVi- (410)

and the grand partition function

Va T h((/T)
[T,(1—9)

In Zy, = (4.11)

As in the previous subsection, the fluid dynamical approximation is expected to be valid
provided Iy (T, v4) < 1.

In appendix [, we have computed the thermodynamics of a free charged scalar field
on a sphere, and compared with the general results of this section.

5. Comparison with uncharged black holes in arbitrary dimensions

In the rest of this paper, we will compare the predictions from fluid dynamics derived
above with the thermodynamics, stress tensors and charge distributions of various classes
of large rotating black hole solutions in AdS spaces. We start with uncharged rotating
black holes on D dimensional AdS spaces (where D is arbitrary), which are dual to rotating
configurations of uncharged fluids on spheres of dimension (D — 2).

11n deriving these formulae we have ‘conjectured’ that de’I v = . It is easy to derive this

Vi
2w
formula for odd spheres. We have also analytically checked this formula for S? and S*. We are ashamed,
however, to admit that we have not yet found an analytic derivation of this integral for general even spheres.
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5.1 Thermodynamics and stress tensor from fluid mechanics

In case of uncharged fluids the function h(v) in the above section is a constant h(v) = h.
Therefore h;(v) = 831(/';) are all equal to zero. It follows from equations ([L.9) and ({.10) that

VaT%h 202
S A 2@31—53”‘1]’
o_ VaT"'hd
[, -9)° (5.1)
;o _VaT'h [ 20, }
COILO -9 [1-0z]
R =0.

The partition function is given by

d—1
In Z,, = %{i{_ Q}é) . (5.2)
The stress tensor becomes
Tt — BT (dy ™2 — 44 Tiba — Toat — pTddyI+2Q),
fabe = pTdqd <ﬁ sec? 9b>
' ! b=1 (5.3)

T9a% = pT? % = hT9dy 2,0, .

a—1
dvd”Qz + ~4 (H sec? Hb) csc? 0,
b=1

The mean free path in fluid dynamics can be estimated by taking the ratio of shear
viscosity to energy density. As mentioned in the introduction, for fluids with gravity duals
we can equivalently estimate [, by taking the ratio of entropy to 4w times the energy
(because of the universal relation s = 47n).

S d

lmfp(T, V)|Q:o ~ [M—E] - = m (5.4)

Consequently the expansion in [y, translates simply to an expansion in inverse powers of
the temperature of our solutions.

5.2 Thermodynamics from black holes

The most general solution for uncharged rotating black holes in AdSp was obtained in [[[5,
[[d]. These solutions are labelled by the n + 1 parameters'? a; and 7 (these are related to
the n angular velocities and the horizon radius (or equivalently the mass parameter) of the

12Recall that n denotes the number of commuting angular momenta and is given by the expression
n = rank [SO(D — 1)] on AdSp.
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black holes). The surface gravity & and the horizon area A of these black holes are given by!'3

1—|—7‘+ Zri—l—a —% when D =2n+1,
K — =1
1—r+
L(1+r2) Z 2+a T when D = 2n + 2,
(5.5)
(Vd 7‘++a
H 1—a when D =2n+1,
4= - r2+a2
Va]] 1*_@; when D = 2n + 2.
=1 ¢

We will be interested in these formulae in the limit of large 7. In this limit the parameter
m (which appears in the formulae of [IF, [[f]) and the temperature T = /27 are given as
functions of r4 by

T = [%} (1+001/r2)),

2m = r2~ T1+o1/r3)).

(5.6)

From these equations, it follows that the parameter m is related to the temperature T as

4x P!
om = TP1 [ﬁ} (1+0(1/7?)). (5.7)

To leading order in r, the thermodynamic formulae take the form

Qi:ai7
Vp_TP-1 [ ar 1P 242
E= D1 i =y R 1
167Gp [[j_1(1 —af) [D —1] ~1-q
I VD_lTD_l [ 4rm 1P-1 2a; (5.8)
" 16nGp [ (1 —a?) [D 1] 1—a?]’
_ VpaTPAD—1) [ 4x P
- 16nGp[[j_ (1 —a?) [D—1]

R, =0,

where Vp_; is the volume of SP~2 and Gp is Newton’s constant in D dimensions. The
corrections to each of these expressions are suppressed by factors of O(1/r2) = O(1/T?)
relative to the leading order results presented above (i.e. there are no next to leading order
corrections).

These thermodynamic formulae listed in (5.§) are in perfect agreement with the fluid
mechanics expressions in (p.1]) upon making the following identifications: the spacetime

13n the expression of & for even dimension, the sign inside the second term in equation (4.7) of g is
different form the sign given in equation (4.18) of @]; we believe the latter sign is the correct one.
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dimensions of the boundary theory d = D — 1, the black hole angular velocities a; are
identified with Q, and the constant h is identified as

1 4r 1P
h= 167G p [D - J ‘ (5.9)

In the next subsection, we will see that this agreement goes beyond the global thermo-
dynamic quantities. Local conserved currents are also in perfect agreement with the black
hole physics.

5.3 Stress tensor from rotating black holes in AdSp

The uncharged rotating black holes both in odd dimensions (D = 2n + 1) and even dimen-
sions (D = 2n + 2) are presented in detail in [[J], equation (E-3) and [[d], equation (4.2) .
After performing some coordinate transformations (see appendix [C.1]) that take the metric
of that paper to the standard form of AdSp at the boundary, we have computed the stress
tensor of this solution.

Our calculation, presented in appendix uses the standard AdS/CFT dictionary. In
more detail, we foliate the solution in boundary spheres, compute the extrinsic curvature
O} of these foliations near the boundary, subtract off the appropriate counter terms con-
tributions [ —[0], and finally multiply the answer by the P~ to obtain the stress tensor
on a unit sphere.

We find that the stress tensor so calculated takes the form (see appendix [C.1)

2m

It — D — 1)yP+l - 4Pl
167G p ( i [
2m -1,-
[T%ada — Terem i 1)yP w2 4 4P~
2m
e = Tt = g (P = 0 e (5.10)
2m
I1%a®b — [[P6%Pa — D+1
167Gp |
-1
[Tfaba — 2m APt 1 sec? 6y,
167G p b1 .

Here v72 =1—Y"_, w?u? where p, = (Hz;ll cos 9b> sin 0.
Note that the functional form of these expressions (i.e. dependence of various com-
ponents of the stress tensor on the coordinates of the sphere) agrees exactly with the

predictions of fluid dynamics even at finite values of 7. In the large r limit (using (F.7)
and (F.9)) , we further have

Qg = wq,
D-1=d,
2m d

=T%.
167G p
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With these identifications, (5.10)) coming from gravity agrees precisely with (5.J) from
fluid mechanics.

We proceed now to estimate the limits of validity of our analysis above. From the
black hole side, since we have expanded the formulae of black hole thermodynamics in
1/r4 to match them with fluid mechanics, this analysis is valid if r; is large. From the
fluid mechanics side, we expect corrections of the order of lyu,. To estimate lng, in this
case, we substitute (f.6)) into (5.4) to get

1
Loy ~ ————— < 1.
LT

Hence, we see that the condition from fluid mechanics is exactly the same as taking large

1

horizon radius limit: the expansion of black hole thermodynamics in a power series in -

appears to be exactly dual to the fluid mechanical expansion as a power series in .

6. Comparison with black holes in AdSs x S°®

Large N, N = 4 Yang-Mills, at strong 't Hooft coupling on S3 xR, is dual to classical gravity
on AdSsx S°. Hence, we can specialise the general fluid dynamical analysis presented above
to the study of equilibrium configurations of the rotating AN/ = 4 plasma on S and then
compare the results with the physics of classical black holes in AdSs x S°.

Large black holes in AdSs x S° are expected to appear in a six parameter family,
labelled by three SO(6) Cartan charges (¢ = 3), two SO(4) rotations (n = 2) and the mass.
While the most general black hole in AdS5 x S° has not yet been constructed, several
sub-families of these black holes have been determined.

In this section, we will compare the thermodynamic predictions of fluid mechanics with
all black hole solutions that we are aware of and demonstrate that the two descriptions
agree in the large horizon radius limit. For one class of black holes we will also compare
black hole stress tensor and charge distributions with that of the fluid mechanics and once
again find perfect agreement (in the appropriate limit).

We begin this section with a review of the predictions of fluid mechanics for strongly
coupled N' = 4 Yang-Mills on S3. Note that this is a special case of the conformal fluid
dynamics of previous sections with d = D — 1 = 4.

6.1 The strongly coupled N = 4 Yang-Mills Plasma

The gravity solution for SO(6) charged black branes (or, equivalently, large SO(6) charged
but non-rotating black holes in AdSs x S°) has been used to extract the equation of state
of N' =4 Yang-Mills (see [R9, section 2] for the thermodynamic expressions in the infinite
radius limit).

Rather than listing all the thermodynamic variables, we use the earlier parametrisation
of (.13) to state our results. The thermodynamics of the A" = 4 Yang-Mills is described

— 922 —



by the following equations'

P [L;(1+k5)°
hv) = 7z = 20N 2+ ij rj = L1 et
e & _ 27THJ(1 +l€j) \/ﬁ_z
T Gime ) o)

rs 2e N2 T (1 + ky)?
hi(v) = =5 = LA+ Vi -
<2+Zj“j_nj“j>

where the auxiliary parameters x; have a direct physical interpretation in terms of entropy

and charge densities (see section 2 of [29))

42 R?
R; = 52 .

k; are constrained by ; > 0 and by the condition!?

(6.2)

—1| >0.

2+Zjlij—nj/€j _ Z

Hj(l—FI{j) 1—|—/€j

J
It follows from (p.9) that r; is finite for configurations with finite charge and non-zero
entropy. The configurations with k; — oo (for any i) are thermodynamically singular,
since in this limit, the i*" charge density is much larger than the entropy density. Hence,
in the following, we shall demand that x; be finite.

The general analysis presented before now allows us to construct the most general
stationary solution of the N = 4 fluid rotating on a 3-sphere. The thermodynamic formulae
and currents of these solutions follow from (B.1§), (B.17) and (8.20) upon setting

o V) = 7T2 2 Hj(1+/<’j)3
A=hly) =2 2+ 2,65 =TI m)"
I1;,(1+ k)
B = 4h(v) — v;hi(v) = 42 N? e +ij e e (6.3)
Hj(l""fj)z

_ _ 2
Ci = hilv) = 2N \/%_1(2 + Zj Ky — Hj "ij)g ’

which leads to 2T L1 )
T (L4 Ky /K
G = L (6.4)

<2+Zj”j_nj“j)1+ﬁi

and
2 N2V, T3 [T;(1 + ky)?

- - ) (245, - Thny)

M Note that our convention for the gauge field differs from [E7 section 2] by a factor of v/2.
5Which is obtained by requiring that the temperature 7 > 0 in the expression for 7 in [E7 section 2].

In Z,. =
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where we have used the notation Vj = Vol(S3) = 272 as before.
As before, the mean free path in fluid mechanics can be estimated as

l S B B _<2+Zj"€j_nj“j>
WP 4nE gy (d-1)4rTA ~ 6nT [0+ &y)

(6.6)

1 1
= -1
6nT Zj:l—FI{j

6.2 The extremal limit

The strongly coupled N/ = 4 Yang-Mills plasma has an interesting feature; it has interesting
and nontrivial thermodynamics even at zero temperature. In this subsection, we investigate
this feature and point out that it implies the existence of interesting zero temperature
solutions of fluid dynamics which will turn out to be dual to large, extremal black holes.

6.2.1 Thermodynamics

In the above section, we presented the thermodynamics of strongly coupled N = 4 Yang-
Mills plasma in terms of the parameters x;. These parameters are constrained by the
conditions x; > 0 and >, 17— +R
over which the variables k;’s can vary, it is convenient to define a new set of variables

> 1 with &; finite. In order to visualise the allowed range

1
Xi = ) XZ = X7 Y7 Z7
14+ kK
T (6.7)
XTXyvyvz-oU
The constraints x; > 0 and ) ; 17— +R > 1 with r; finite translate into the constraints

0< X;<land X+Y +Z >1. Geometrically, this is just the statement that X;’s can lie
anywhere inside the cube shown in figure [, away from the planes X; = 0 and on or above
the plane X +Y + 7 = 1.

The energy density, the entropy density and the charge densities of the Yang-Mills
plasma may be rewritten as a function of X, Y, Z and x as

p=6m2N2XY Zx2, s = AT’ N2XY 73,
1-X; (6.8)

i

r; = 2rN2XY Zy?
The condition for the validity of fluid mechanics becomes
1
lngp ~ rx <1 or x> 1. (6.9)

Consider now the case in which y is large, but finite and X,Y, Z take values close to
the interior of the triangle ABC in figure . From (6.7) and (E.§), it is evident that this
is equivalent to taking an extremal limit 7" — 0 with appropriate chemical potentials. All
thermodynamic quantities listed above are smooth in this limit and the fluid mechanics
continues to be valid.

— 24 —



A 0

Figure 1: The space of allowed k;’s. The axes correspond to X = ﬁ, Y = ﬁ and Z = ﬁ

The X;’s can lie anywhere in the cube outside the “extremal” plane X +Y + Z = 1.

The N = 4 Yang-Mills plasma with three nonzero R-charges always has a nonsingular
extremal limit. In the case that one of the charges say rs is zero, then we are constrained
to move on the X3 = 1 plane in the space of X;’s. Hence, we can never approach the
‘extremal triangle’ X +Y 4+ Z = 1.16 Thus, we have no nonsingular extremal limit if any
one of the three R-charges is zero. By a similar argument, no nonsingular extremal limit
exists if two of the R-charges were zero.

We note that Gubser and Mitra have previously observed that charged black branes
near extremality are sometimes thermodynamically unstable [BQ]. Although we have not
performed a careful analysis of the thermodynamic stability of the charged fluids we study
in this paper (see however [R9]), we suspect that these fluids all have Gubser-Mitra type
thermodynamic instabilities near extremality. If this is the case, the near extremal fluid
solutions we study in this section and the next — and the black holes that these are
dual to — are presumably unstable to small fluctuations. Whether stable or not, these
configurations are valid solutions of fluid dynamics. We postpone a serious discussion of
stability to future work.!”

6.2.2 Fluid mechanics

The thermodynamic expressions for the charges of a rotating Yang-Mills plasma take the

form
_ 2m®N2XYZVy [ 2w? 2w3 N T :
(w1l —wd) |1 —w? 1 —wd X+Y+2Z-1]"
[ 2rCNEXYZVi [ 2w T !
a1 —wd) |[1-W (X FY +Z-1]
V4T4A [ 2OJ2 T 1
Ly = : 6.10
T W) -wd) [1-W2 | X+Y +2-1 (6.10)

16 Remember that we have already excluded, on physical grounds, the point X; = X» =0, X3 = 1 which
lies in the intersection of X3 = 1 plane and the extremal plane X +Y 4+ Z = 1.
"We thank Sangmin Lee for discussion of these issues.

— 925 —



o ATNXYZV, T ’
(w1l —wd) | X+Y+Z2-1]
R 2NPXYZV, T P MK,
w1 -wd) | X+Y +Z -1 X;
and the mean free path

X+Y+2-1
~ 1. 11
It 6oT < (6.11)

We see that all thermodynamical charges of our rotating fluid configurations are nonsingu-
lar, and that fluid mechanics is a valid approximation for these solutions, in the extremal
limit described in the previous subsection, provided only that y > 1.18

The solution so obtained describes a rotating fluid whose local temperature vanishes
everywhere, but whose rest frame charge density is a function of location on the S® (it
scales like 73). As we will see below these extremal configurations of rotating fluid on S3
are exactly dual to large, rotating, extremal black holes in AdSs.

6.3 Predictions from fluid mechanics in special cases

As mentioned in the beginning of this section, the most general black hole in AdSs x S°
has not yet been constructed, but several subfamilies of these black holes are known. To
facilitate the comparison between fluid mechanics on S on one hand and these subfamilies
of black holes on the other, in this subsection, we specialise the general predictions of the
previous subsection to various specific cases.

6.3.1 All SO(6) charges equal: arbitrary angular velocities

Consider first the case of a fluid with equal SO(6) charges (with the rotational parameters
arbitrary). That is we set k1 = kg = k3 = k in the general formulae above. Noting that
(243K —~K>) = (k+1)%(2— k) we find that the stress tensor and currents are given by (B.17)
and (B.1§) with

22 N%(1+ k)

2-r)t
42 N?
B= (2”_7@3 (6.12)
o — 2rN%\/k
ECETOE

The thermodynamics can be summarised by

22 N2V, T3(1 + k)
1= -2 -r)*

27Tk B
Ci - (2 — :‘i) ) In ZgC(T7 Qu C) -

18In greater generality, in order for fluid mechanics to be a valid approximation for our solutions it is
necessary that either 7' > 1 (which is by itself sufficient) or that X +Y +Z —1 — 0 (under which condition
the ratio x of the previous section must be large and (conservatively) none of X, Y or Z be very small).

(6.13)
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The formula for mean free path (f.6) reduces to

It ~ &TLT ﬁ - :j . (6.14)

Let us specialise the extremal thermodynamics of N' = 4 Yang-Mills fluid presented
before to this case. In terms of the variables introduced in section .2, we have X =Y = Z
which is a straight line in the X; space. The extremal limit is obtained when this line cuts
the extremal plane X +Y + Z =1, i.e, at the point X =Y = Z = 1/3. This corresponds
to the extremal limit Kk — 2.

More explicitly, in the extremal limit

T
T -0, (2—/1):;, (6.15)

with y large but finite. The thermodynamic quantities obtained by differentiating the
grand partition function (p.2§),

o 2NV, T3 1

(2-k)3 (1—-a2)(1-b2)
I AN?m? VT4 (1 + k) a
T -t (1-a?2(1 -0

AN 72V TH(1 + &

La= (2‘/4_ ,.@)(4 = (1— a2)lz1 —12)? (6.16)
R 2r N2V, T3\/k 1

o (2-k)3 (1-a?)(1-1?)
5o 22 N2V, T (1 + k) [4 — (1 4+ a?)(1 + b?))

(2 — k)4 (1 —a?)2(1 —52)2 ~’
are all smooth; and they describe a fluid configuration whose energy, angular momentum,

charge and entropy scale as N2x*, N2x?*, N2x3 and N?x?® respectively.

6.3.2 Independent SO(6) charges: equal rotations

Consider the special case w; = wy = Q (the three SO(6)) chemical potentials are left
arbitrary). The stress tensor and currents are given by (B:17) and (B.1§) with

A:27T2N2 Hj(1+/€j)3
2+, 8 —Is)*
B:47T2N2 Hj(1+/€j)2
(24325 m5 =115 (6.17)
[L;(1 + &)
CZ':27TN2 Kj J N
\/_(2+Zj’€j_nj’€j)3
1
V=, v=10Q.
VvV1—-0Q2
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The thermodynamics can be summarised by

27T T1.(1 + K ; 2 N2V T3 1. (1 + k)3
G = ILA+R)  Vm In Zge = LI ) . (6.18)

<2+Zj/{j_nj/{j)1+lii7 (1_92)2<2+2jﬁj—nj/€j)

The expression for mean free path ([.6) reduces to

1 1
~ 1], 1
butp ~ o Zj: 1+ K; (6.19)

The extremal limit j(l +#;)7t — 1 with all k; kept finite, is nonsingular, and yields
solutions that are well described by fluid dynamics when [y, is small.

6.3.3 Two equal nonzero SO(6) charges: arbitrary angular velocities

Consider now the case when k1 = k9 = Kk, k3 = 0. We find that the stress tensor and
currents are given by (B-17) and (B.1§) with

~ m2N2(1 4 k)2

A= T
8 )
B T2 N2(1 + k)
N 2 ’ (6.20)
N2\/k(1
C =0y = W’
C3=0.

The thermodynamics can be summarised by

T2 N2V, T3 (1 + k)2

{1 = Cg = 7TT\/E, In Z C(T, Q, C) = . (621)
¢ 8(1 —QF)(1 - Q3)
The expression for mean free path, from (p.4), is
l ! (6.22)
w3 T+ k) '

It follows from (f.22) that fluid mechanics is a good approximation when 7 is large. Though
this equation would appear to suggest that the fluid dynamical approximation is also valid
(for instance) at fixed T and large k, we have emphasised before, the limit of large x is
thermodynamically suspect. Conservatively, thus, fluid mechanics applies only at large
temperatures.
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6.3.4 A single nonzero charge: arbitrary angular velocities

We now set k1 = kK, ko = k3 = 0 leaving angular velocities arbitrary. The stress tensor and

currents are given by (B.17) and (B.1§) with
_ 2mN%(1+ k)3

A="orar
_ ATANZ(1 + k)2
2+ k)3 (6.23)
o = 2rN2\/k(1 + k)?
' (2+ k)3 ’
Co=0C5=0.

The thermodynamics can be summarised by

22 N2V, T3(1 + k)3

2nT\/k
_ In Z,.(T,Q,¢) = . 24
v MECRO=ETon - 0e (624
The mean free path, from (6.6) is given by
1 (2+«k

As in the previous subsection, this particular case does not admit thermodynamically

nonsingular zero temperature (or extremal) configurations.

6.4 Black holes with all R-charges equal

Having derived the fluid mechanics predictions for various different black holes, we now
proceed to examine the black hole solutions. First, we will focus on the case of black holes
with arbitrary angular momenta in AdSs but equal SO(6) charges. The relevant solution
has been presented in [L§].

6.4.1 Thermodynamics

The black holes presented in [[I§] are labelled by two angular velocities a,b, and three
more parameters ¢,m and ry. These five parameters are not all independent; they are
constrained by one equation relating horizon radius to the parameter m (A, = 0 in that
paper). We thus have a four parameter set of black holes.?

The relatively complicated black hole thermodynamic formulae of [[§ simplify if the
parameter r4 (which may be interpreted as the horizon radius) is taken to be large. In
particular, consider the limit

ry>1 and y=q/rl fixed. (6.26)
In this limit, to leading order,we have
T+ 2
2 (6.27)

2m = (1 +y?).

9We work in conventions in which the AdS radius and hence the parameter g of @] is set to unity.
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From the positivity of 7" and 7, it follows immediately that 0 < y? < 2.

3
Multiplying all thermodynamic integrals in [1§] by Rg—g‘s = ¥ and noting that our
charge R is equal to their @Q/+/3, the black hole thermodynamic formulae reduce to (to
leading order in ry)

Q1 =a,
Qs =0,
2myT
G = 7 (6.28)
(2-9?)
212 N2(1 + 2 T3
In 2, = T N*(1+y°) Vi

-yt [a-9Ha-9]

Once we identify the black hole parameter y? with the fluid parameter x, these formula
take precisely the form of fluid mechanics formulae (p.13) with the equation of state
coming from (p.19).2°

We can now compute the fluid mechanical mean free path /s, as a function of bulk
black hole parameters. From equations (.27) and (p.14), we find (assuming that r, is large)

1

Ity ~ ————— .
N )

As 1+ k = 1+ 42 is bounded between 1 and 2, it appears from this equation that the
expansion in powers of 1/r is simply identical to the fluid dynamical expansion in powers
of lygp. This explains why black hole thermodynamics agrees with the predictions of the
Navier-Stokes equations when (and only when) r, is large.

6.4.2 Stress tensor and charge currents

In appendix [C.3, we have computed the boundary stress tensor corresponding to this black
hole solution (by foliating the space into S® ’s at infinity, computing the extrinsic curvature

20The functions h(v) and its derivatives have simple expressions as functions of bulk parameters. Com-
paring with (@) we find

h(v) = 2N? 2m . m
oo 167T4 | 87GsT* (6.29)
) .
hiry=22_1__ 1

7w 8713~ 8nGsT3
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of these sections, and subtracting the appropriate counterterms). At leading order in 1

o
It — 87:72;5 Y ay? - 1)
e = 8w—nZ¥574 <472a2 " sin12 9>
= 87%574 <472a2 " cos12 9>
¢ = 119 = 8%5 ar® (6.30)
4
Y — ¥t — Wﬂésb,yb‘
G 8i25 a0
% — 8:’85 A,
In a similar fashion, the charge currents on S% may be computed from Jt = —r4g"™ ALl oo

where the indices p, v are tangent to the S3x time foliations and and the bulk gauge field
A, is given in the equation (2) of [I. We find

q
S=d=t= gl

J=J8=J]=0

q (6.31)
5= = g = ot
Tﬁ: 1/1: Tﬁ: 4q 4b
K= dy =0 = e

Using (6.29), it is evident that the expressions in (.31)) are in precise agreement with the
predictions ({.7) of fluid dynamics.

6.5 Black holes with independent SO(6) charges and two equal rotations

The most general (five parameter) black hole solutions with the two angular velocities set
equal can be found in [[7]. The thermodynamics of these black holes was computed in [23].

The black hole solutions depend on the parameters 61, do, d3, a, m,ry that are related
by the equation Y'(r) = 0. The thermodynamics of these black holes simplify in the limit

2m.s?
ry>1, 5 = H; — 1 fixed.
Ty

Then solving the equation Y = 0 in this limit, one can express m as

(HlHQHg)Ti
(1—a?)

m =
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The various thermodynamic quantities in this limit?! (after multiplying integrals by

R3 .
égs = %) can be summarised by

V1 — a2
QlZQQZCL, T:% ZHj_l_l H\/Hj,
j J

Ci=r+m< )H\/T_ >, H_T < H];i_1> ; (6.32)

TN23 < I1; \/7- ) _ Ari N2T3
2VT—a? \ >, H;' ( ) (Hj Hj) (Zj HL - 1)4

In Z,. =

These expressions match with (6.1§) if x; is identified with H; — 1, demonstrating perfect
agreement between black hole and fluid dynamical thermodynamics.

Translating the estimate for the mean free path into the black hole variables, we find

1
lbnip ~ = <1
T3y Hj VHj

(an equation that is valid only in the large 71 limit). Notice that lg, is automatically
small in the large ry limit, explaining why black hole thermodynamics agrees with the
predictions of the Navier-Stokes equations in this limit.

Notice that the fluid mechanical expansion parameter [, appears to differ from
the expansion parameter of black hole thermodynamics used above, 1/r;, by a factor
of 1/ \/m When the three charges of the black hole are in any fixed ratio a : b : ¢, with
none of a, b or c¢ either zero or infinity, it may easily be verified that this additional factor
is bounded between a nonzero number (which depends on a,b,c) and unity. In this case
the two expansion parameters - I, and 1/ry - are essentially the same.

However when one of the black hole charges (say R;) vanishes Hy and/or Hj
can formally take arbitrarily large values. In this extreme limit l,,f, appears to differ
significantly from the bulk expansion parameter 1/r,. However large H; implies large k;,
a limit that we have argued above to be thermodynamically singular. Keeping away from
the suspicious large x; limit, it is always true that l,g, is essentially identical 1/r, the
parameter in which we have expanded the formulas of black hole thermodynamics.

Finally we emphasise that the black hole studied in this subsection include a large class
of perfectly nonsingular zero temperature or extremal black holes with finite x; and large
r, which perfectly reproduce the predictions of extremal fluid mechanics of section .3

In more detail, the thermodynamical quantities of a general solution in this subsection

21We believe that E] has a typo: (3.10) should read ®; = 2H (sici + 3aQ2(cisjsk — sicjcx)). Note that
they also use coordinates ¥ = ¢1 + ¢2 and ¢ = ¢1 — ¢2 so that Q0 = %8¢1 + %8¢2 so that Q, = %
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is given in terms of X,Y,Z (defined as in (6.7)) as

N27Tr3_
VXY Z(1—a2)’
_ N2ri (3 +a?)

AXY Z(1 —a?)’
I Nzria

2XYZ(1—a?)’

NzTi 1-— Xz

Ri == ’

2/ XY Z(1— a?) X

Xi(1— X)(1—
C’:”\/ s XY)S =,

(6.33)

From these expressions, together with the formula for temperature in (f.32) it follows that
the limit X +Y + Z — 1 (with none of XY, Z zero) is extremal (the temperature goes
to zero) and non-singular (all thermodynamic quantities are finite and well defined). Note
that r4 is an arbitrary parameter for these extremal black holes. When r is large the
fluid dynamical description is valid. The black holes so obtained are exactly dual to the
extremal fluid configurations described in section [6.2.

6.6 Black holes with two equal large R-charges and third R-charge small

Chong et al. [IJ have determined a class of black hole solutions with two SO(6) charges

held equal, while the third charge is varied as a function of these two equal charges. In the

large radius limit, it turns out that this third charge is negligible compared to the first two,

so for our purposes these solutions can be thought of as black holes with two equal SO(6)

charges, with arbitrary rotations and the third SO(6) charge set to zero. The parameters

of this black hole solution are a,b, m,r,s, which are related by the equation X (r;) = 0.
Black hole formulae simplify in the limit

2m.s?

2
Ty

ry>1 and k=

fixed,

in units where the inverse AdS radius g = 1, which leads to

2m = (1+ k)%,

3
Multiplying all thermodynamic integrals in [[L9] by Rg—gs = %, in this limit, the
thermodynamics can be summarised by
lea, QQZb, T:T—+,
T
1
Cl = CQ = 7TT\/E7 C3 ~ O <_2> ) (634)
Ty

T2 N2V, T3 (1 + k)?

2 = Sa—aa )
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Note that (3 and Rs are subleading in r,. These formulae are in perfect agreement
with (6.21)) if we identify
k=kK.

From the expression for the temperature, it follows that all extremal or zero temperature
black holes have r4 = 0. Consequently all extremal black holes (of the class of black holes
described in this subsection) are singular, dual to the fact that the fluid mechanics has no
thermodynamically nonsingular zero temperature solutions.

Translating the estimate for the fluid dynamical mean free path into the black hole
variables we find (assuming r4 > 0)

1

Ity ~ ———— .
N )

It follows that the fluid dynamical expansion parameter is essentially the same as 1/r,
provided we stay away from the thermodynamically suspect parameter regime of large x .
6.7 Black holes with two R-charges zero

The solution for the most general black hole with two R-charges set to zero relevant
solution has was presented in [2(J]. The parameters of this black hole are zg,m,d,a,b
related by X (xg) = 0.

The thermodynamics of these black holes simplifies in the limit

zo>1, Yy =/l fixed,

in units where g = 1, which leads to

2
x
2m = 0
1-y?)
This gives an upper bound on y: y < 1.
3
Multiplying all thermodynamic integrals in [R0] by RéLgs = %, in this limit, the

thermodynamic formulae can be summarised by

lea, QQZb,
To(2 — y? 2rTy/1 — o2
7 VP2 y) ¢ = iy = ZEWI Y
2m/1 — 32 2—y (6.35)
a3 2w N2 ATIN2T3(1 — o2)

N T i P — 1) (-9 B)E - )

Upon identifying k = %, we find perfect agreement with ([.24). Under this identification,
the expression for temperature becomes

_ VA2 +5)
Coamy/1++k
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As in the subsection above, it follows immediately from this equation that the black hole
temperature vanishes only for the singular black holes with o = 0. This matches with the
fact that there are no nonsingular extremal fluid dynamical solutions in this case.

The fluid dynamical mean free path may be evaluated as a function of bulk parameters

as 1

lnfp ~ ——.
o 3vxo(l+ k)

Note that [y, is small whenever /xg = ry is large, an observation that explains
the agreement of black hole thermodynamics in the large r1 limit with the Navier-Stokes
equations. In more generality we see that Iy, is essentially the same as 1/r, provided we
keep away from the thermodynamically suspicious parameter regime of « large.

6.8 Extremality and the attractor mechanism

As discussed in the previous subsections, there exists a duality between extremal large
rotating AdS black holes on one hand and the extremal configurations of the fluid dynam-
ics on the other. This implies that the thermodynamic properties of these large rotating
extremal black holes are completely determined by the corresponding properties of large
static extremal black holes. As an application of this observation, let us recall the sugges-
tion [B1-BJ] that the attractor mechanism for black holes implies the non-renormalisation
of the entropy of all extremal configurations, as a function of the 't Hooft coupling A. It
follows immediately from the fluid mechanical description at large charges, that were any
such non-renormalisation theorem be proved for static extremal configurations, it would
immediately imply a similar result for rotating extremal configurations.

6.9 BPS bound and supersymmetric black holes

All solutions of IIB supergravity on AdSs x S°, and all configurations of N' = 4 Yang-Mills
on S% obey the BPS bound

E>Li+Ly+ Y Ri=L+Ly+3R. (6.36)

Within the validity of the fluid dynamical approximation, described in this paper,

3+w1+w2—w1w2.

E— Ly — Ly =27°T*A ; 6.37
1 2= em 1+ w1) (1 + ws) (6.37)

notice that the r.h.s. of this equation is positive definite. The BPS bound is obeyed provided

3+ w1+ ws —wiwe
> (5. 6.38
Tron(tw) 20 (6.38)

Plugging in the explicit expressions for A and C; from (6.12), we find this condition is
satisfied provided
ry = 2nT > \/E(l +w1)(1+w2)
2—k 7 (14+R)B4+w +wr —wiws)
The r.h.s. of (6.39) is of order unity. It follows that (.39) is saturated only when 7 of
unit order. It follows that when 7 > 1 (so that fluid dynamics is a valid approximation)

(6.39)
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the BPS bound is always obeyed as a strict inequality. Supersymmetric black holes are
never reliably described within fluid mechanics.?? The extremal black holes with large
horizon radius, that are well described by fluid mechanics®® (see the previous subsection)
are always far from supersymmetry.

We have noted above that a large class of extremal configurations in strongly inter-
acting Yang-Mills — all those that admit a fluid dynamic description — are not BPS. This
is in sharp contrast with the results of computations in free Yang-Mills theory, in which
all extremal configurations are supersymmetric [B4). This difference is related to the fact,
noted previously, the divergent mean free path prevents a fluid mechanical description from
applying to free theories. A practical manifestation of this fact is that the function h(v),
which appears in the analysis of free Yang-Mills in equation (5.2) of [B4, and plays the role
of 4 in our discussion here, is always of order unity for all allowed values of the chemical

potential, and so can never become large.

6.10 Fluid dynamics versus black hole physics at next to leading order

As we have explained above, the formulae for all thermodynamic charges and potentials of
black holes of temperature 7" and chemical potentials v;, in AdSs x S°, may be expanded
as a Taylor series in 1/74 ~ Iy (T, v4). As we have verified above, for every known family
of large AdS black holes, the leading order results in this expansion perfectly match the
predictions of the Navier-Stokes equations. Higher order terms in this expansion represent
corrections to Navier-Stokes equations. In this subsection we investigate the structure of
these corrections.

Let us first investigate the case of black holes with at least one SO(6) charge set equal
to zero (the black holes studied in section [p.6 and section p.7). It is not difficult to verify
that the first deviations from the large radius thermodynamics of these black holes occur
at O(1/r%) ~ lrznfp. This result is in perfect accord with naive expectations from fluid
mechanics. As we have explained above, the fluid dynamical configurations presented in
this paper are exact solutions to the equations of fluid mechanics with all one derivative
terms, i.e. to the first order in ly,g,. In general we would expect our solutions (and their
thermodynamics) to be modified at O(lglfp), exactly as we find from the black hole formulae.

However when we turn our attention to black holes with all three SO(6) charges
nonzero we run into a bit of a surprise. It appears that the thermodynamics (and
stress tensor and charge currents) of these black holes receives corrections at order
O(1/r4) ~ lygp. This result is a surprise because, for the reason we have explained in the
previous paragraph, we would have expected the first corrections to our fluid mechanical

configuration to occur at O(lglfp).

22 Although it is possible to make the energy of supersymmetric black holes parametrically larger than
their entropy, this is achieved by scaling either w; or w2 to unity with r4 kept at unit order. It is easy to
verify that in this limit the local, rest frame mean free path of the fluid is of unit order in regions of the S*
and so fluid mechanics may not be used to describe these configurations.

%Note that the ‘physical’ radius (Area)'/?
determines the validity of fluid dynamics. The physical radius can be made arbitrarily large, nevertheless

of the black hole is distinct from the parameter r4 which

fluid mechanics is only valid if r4 is large.
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We do not have a satisfactory resolution to this puzzle. In this subsection we will
simply present the expressions for the first order corrections to black hole thermodynamics
in a particular case (the case of black holes with all SO(6) charges equal), and leave the
explanation of these formulae to future work.

As we have mentioned above, the thermodynamics of a charged rotating black hole
in AdSs x S° with three equal charges and two different angular momenta can be found
in [L§. To calculate next to leading order (NLO) corrections to the thermodynamics of
large black holes, we systematically expand the thermodynamic quantities.

We find it convenient to shift to a new parametrisation in which there are no NLO
corrections to the intensive quantities. This allows us to cast the NLO corrections entirely
in terms of the intensive quantities. The parameters we choose are related to the parameters
in [[§ in the following way

VE(L = wi)ws
g )

k(1 — w?)w,
M ) (6.40)

ry =0 + VEwewy,
q = VK + 36lwawy .

a=w, —

b:wb—

In terms of these parameters, the intensive quantities can be written as

[1
Qa:wa+(9 g—2:|,
(1
Uy =wp+ 0O 6_2]’
2_/{_' 1 (6.41)
T:[ - _e+oH,
2mv/K 1
vV = 2_[{+O|:€—2:|,

where we have calculated up to NLO and confirmed that the intensive quantities do not
get corrected in this order.

This in turn means that the new parameters can be directly interpreted in terms of
the intensive quantities.

Wa = Qa + o [l?nfp] ’ Wp = Qb + o [l?nfp] ’

where g, ~ 2_TH

o T V42241
=T |
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Now, we calculate NLO corrections to the extensive quantities in terms of the new
parameters.

2m = (14 k)0 + 4/k(1 4 K)wawpl® + O[F?],

T3 [ 4xd 1
S = O —
== [ Ol
I T [ 2w, [27°(1+ k) 3wy [ 1+ w? Lo 1
Gl -w)(l-wd) [1-w2 | 2-k)! AT |1 —w? T2 ||’
I — T4 [ 2wy, 271-5(14-/{) B 7T1/3wa 1—|—w§ Lo i
PTG —w)(1—wd) [1—wZ | 2—r) AT |[1T—w? T2||" (6.42)
T3 [ 27tk mv? 1
R = — ——Wwq O|\—=
Gl -1 —wp) (@ mp T T [T?”
T (275 (1 2 2
E— i ™ (14 k) n 1
Gs(1-w2)(1-wi) | 2-r)?* [1-w2 1-uw}
wugwawb 2 2 1
5 [ e ol
where G5 = TR} 45/(2N?) is the Newton’s constant in AdSs.
In particular, the subleading terms can be isolated and written as
AS =0,
3
AE =~ WCQ;awb 2[ 22 22}7
4Gs(1 —wi)(1 —wp) |1 —wi 1 —wy
3 2
AL, — mCwp(1 + wy) _
1G5(1— w2 — o))
ALy Tl (6.43)
4G5(1 — w2)(1 — wj)?
7Cwawy
AR = —
4Gs5(1 - w)(1 —wp)’
3
AlnZ, = T Waly

4G5T(1 —w2)(1 —w?)

7. Comparison with black holes in AdS; x S and AdS; x §*

In this section we compare solutions of rotating fluids of the M5 or M2 brane conformal
field theory on S? or S° to the classical physics of black holes in M theory on AdS; x S*
and AdS; x S° respectively. Our results turn out to be qualitatively similar to those of
the previous section with one difference: the puzzle regarding the next to leading order
agreement between fluid dynamics and black hole physics seems to be absent in this case.

7.1 Predictions from fluid mechanics

The equations of state of the strongly coupled M2 and M5 brane fluids were computed
from spinning brane solutions in BF]. Our parameters are related to theirs by r; = (2 /1.
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7.1.1 M2 branes

We define our R-charges to be half of the angular momenta of [B] to agree with gauged
supergravity conventions. The equation of state is

Am2 (2N 2T (1 + ;)P

h(v) = )
(v) 33420, Ry + > jep fjhik — 11, Kj)°
471Hj(1+/<aj) < VEi ) (71)
V; = N .
(3+2Zjl€j+zj<k/€jl€k—njl€j) 14k
T(2N)3 2T (1 + w;)3/?
hi(l/): J 3 Kq
3(3+22j“j+2j<k“j“k_nj“j)

where 7,5,k =1...4.
The stress tensor and currents are given by ({.6) and ([£7) with

Am? (2N )PP T + k)

A= )
33+ 223' kj + 2j<k Kjkk — Hj Kj)?
AT (2N )32 T (1 + ;)32
B AWENPILO s 72
3(3 + 223' Kj + 2j<k Kjkk — Hj Kj)
T(2N)32 (1 + #;)3/?
Ci — ( ) H]( ]) 2\/[{_1"
3B+23 k5 + 2 kikk — 1 K5)
The thermodynamics can be summarised by
= 47TTH]-(1+I{J') < NG )
(3+2zj/€j+zj<kl€j/€k—nj/€j) 14 Ky (73)
. 1673 (2N )2 T2 [],(1 4 #5)°/2 '
nZ,. = .
8 3(1—92)(34-22]- /ij+zj<kl€j/€k—nj H,j)s
The mean free path in fluid dynamics is given by
/ S B <3+2zj/€j+zj<kl€j/€k—njl€j)
T 4rE |y (d—1)AxTA STTTL(1+ #5)
(7.4)

1 1
= —1
8T Zj:l—’—/ﬁ}j

This simplifies when the charges are pairwise equal, k3 = k1 and k4 = Ko. In this case,
with i = 1,2:

‘. AnT[L;(1 + ;) ( NG )
! B+ ki —iki) \1+ri )’
167 (2N )32T2 [],(1 + #5)?

31 -2+, ’fj_Hj"ij)g.

(7.5)
In Z,. =
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and the mean free path becomes

l <3+Zj“j_nj“j)_ 1
mip StTIL;(1+r;) 87T

2
Zlm_l]. (7.9)

i
It is evident that the thermodynamic equations of state listed above allow a set of

extremal fluid configurations very similar to those discussed in section p.3. The analysis of
section .2 can be easily extended to fluids on S2.

7.1.2 M5 branes

We define our R-charges to be twice the angular momenta of [BJ to agree with gauged
supergravity conventions. The equation of state is
6475 N3 TT;(1 + 5)*
v) = ,
33+ 2,k —II;K5)°
o 2m [1,(1 + k5) < NG > (77)
’ (3+Zjl€j—njl€j) 1+I<Li ’ '
12872 N3 T, (1 + 5)?

i\V) = Ki,

EECED TSIk

where ¢ = 1, 2.
The stress tensor and currents are given by ({.6) and (f.7) with
6473 N3 T, (1 + 5)*
IEICES Zj kj — Hj Kj)8
12873 N3 [T (1 + k)3
B— H]( ]) . (78)
3B+, k5 — 11, K5)
12872 N3 T (1 + 5)°
- o
BB+ e L)Y

The thermodynamics can be summarised by

. 4TI (1 + 1) ()
(3+2zj/€j+zj<kl€j/€k—nj/€j) 14 Ky (79)
Wz 64O N3T5 T, (1 4 #5)* '
nZe. = .
3L -9)B+ X,k — I, 5)°
The mean free path in fluid dynamics is given by
, S B B _(3+Zj"€j_nj“j>
" 4nE g (d-1)4rTA ~  10nT L (1 + )
(7.10)

1 2
= -1
107TT Zj:l—FI{j
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In the case that the three rotation parameters are equal, 27 = Qo = Q3 = Q, we have
v =(1-02)""2and

Ci _ 47TTHJ-(1+/€]') ( /K >
(34—22]- /ij+zj<kl€j/€k—njl€j) 1+ Ky (7 11)
64T N3TS (1 + ky)* '
angC: H_]( ])

31 =@PEB+ 2k — I R)°

It is evident that the thermodynamic equations of state listed above allow a set of extremal
fluid configurations very similar to those discussed in section [p.3. The analysis of section .3
can be easily extended to fluids on S°.

7.2 Black holes in AdS, with pairwise equal charges

The relevant solution was found in 9. Its thermodynamics have been computed in [RJ.

2ms?

We consider the limit of large ry with ui = k; fixed. In this limit m can be written as

3
m = %*(1 FE)2(1 + Ko)?,

and therefore s; ~ %

2 :
After multiplying integrals by Rg—js = %, the thermodynamic quantities can be
expressed as
reB 4+ ki — 11k
T8k Tk o
a7

1+ ko)VEk 1+ ki1)VE

G = G = drr L RIVE G = ¢ = an—— LRV

B+25k — 1Lk B+ ki — 11 k) (7.12)
1673 (2N)3/272 ( I1;(1+ k) ) 1

3 B+ by~ k)P ) T—a?

If one identifies #; = k;, then these formulae match with (7.5). It is not difficult to verify
that the first corrections to the thermodynamical equations above occur at O(1/r2).

It is clear from (7.12) that the black holes of this subsection admit a zero tempera-
ture (extremal) limit with nonsingular thermodynamics at any every value of r,. These

In Z,. =

extremal black holes are dual to extremal solutions of fluid dynamics analogous to those
described in the previous section in the context of N' = 4 Yang-Mills.

The fluid dynamical mean free path may easily be computed as a function of black
hole parameters. From ([.6) we find

1
Ly ~ .
" o T+ Ry)

As in the previous section, the lpg ~ 1/r4 away from thermodynamically suspect limits
of parameters.
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7.3 Black holes in AdS; with equal rotation parameters

The relevant solution was found in [21]]. Its thermodynamics have been computed in [23].%*
We set the parameter g in [29] to be unity and consider the limit
2ms?

p+>1, and H; =1+ —5 fixed,
P+

where i=1,2. In this limit, the parameter m is given by
2m = pg_Hng .

16N3
37r2 Y

5
In this limit, after multiplying integrals by Rg—is = the thermodynamics can be

summarised by

Q—a T:p_+ 2ZjHj_HjHj
) 271' 1—[] /_HJ )
Hov/Hy — 1 Gy = 20T HivHs —1
2ZjHj_HjHj’ ZZjHj_HjHj’
6470 N3T? [1; #}
31— \ 23, H; —[1; H;)° |

¢ = 27T (7.13)

InZ,. =

These formulae agree with (f.11) upon identifying x; = H; — 1. The first corrections to
these thermodynamical formulae occur at O(1/r2). Using this identification we can rewrite
the expression for the temperature as

P+ Hj V1K 2

= >
2 r 1+ kK;

It follows that the black holes studied in this subsection admit smooth extremal limits at
any value of p;. Extremal black holes with large p4 (and with no k; arbitrarily large) are
dual to extremal solutions of fluid mechanics.

Expressing the fluid mechanical mean free path ([.10) as a function of black hole
parameters we find

1
linfp ~ .
P By I /T4y

Once again Ly, ~ 1/ry, away from thermodynamically suspect limits.

24We believe that [@] has the following typos: equation (4.7) should read

™ (r® + a®)VH Y’ 2ms;
4=3 4drr(r? + a?)V 1 p*=H,; a; + fi( 9)]
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8. Discussion

As we have explained in this paper, the classical properties of large black holes in AdS
spaces enjoy a large degree of universality, summarised by (|.2). However the reasoning
that led to ([.) applies equally to all classical theories of gravity, not just to those theories
that are governed by the two derivative effective action. For instance, N' = 4 Yang-Mills
theory at finite ) is dual to IIB theory on AdSs x S® of finite radius in string units. Even
though thermodynamics of black holes in this background will receive contributions from
each of the infinite sequence of o’ corrections to the Einstein action, we expect ([[.2) to be
exact in the large horizon radius limit.?®

We find it particularly interesting that (at least in several particular contexts) our
fluid dynamical picture applies not just to non-extremal black holes but also to large
radius extremal black holes. This fact might allow us to make connections between our
approach and the interesting recent investigations of the properties of extremal black
holes. In particular, Astefanesei, Goldstein, Jena, Sen and Trivedi [B3] have recently
argued that the attractor mechanism applies to rotating extremal black holes, and have
derived a differential equation that determines the attractor geometry (and gauge field
distribution, etc.) of the near horizon region of such black holes. It would be very
interesting to investigate the connection, if any, between these rotating attractor equations
and our equations of rotating fluid dynamics.

It would be conceptually simple (though perhaps technically intricate) to compute the
spectrum of small fluctuations about the fluid dynamical solutions presented in this paper.
This spectrum should match the spectrum of the (lowest) quasinormal modes about the
relevant black holes (the decay of fluid fluctuations due to viscosity maps to the decay of
quasi normal modes as they fall into the black hole horizon). It would be interesting to
check if this is indeed the case.

It would be interesting to better understand, purely in bulk terms, why our proposal
works. Roughly speaking, it should be possible to understand the metric of a black hole
in global AdS and in the large radius limit, as a superposition of patches of the metric of
black branes of various different temperatures and moving at various different velocities,
where the temperatures and velocities are given by the solutions to the fluid dynamical
equations presented in this paper. It would be interesting and useful if these words could
be converted into the first term of a systematic approximation procedure to generate black
hole solutions in AdS spaces in a power series in 1/r;. Such a construction would constitute
a bulk derivation of the boundary Navier-Stokes equations (and corrections thereof).

Relatedly, it would be interesting to ask if there are any gravitational interpretations
of the local properties of fluids in our solutions. For instance, fluid mechanics yields a sharp
prediction for the velocity and entropy density of the fluid as a function of position on the
sphere. We have not yet been able to verify these predictions, because we do not know what

25 Away from the supergravity limit, the mean free path I, = v/p is expected to be given by f(\)s/p
where f()\) is a monotonically decreasing function that interpolates between infinity at A = 0 to unity at
infinite A. Thus the condition for the validity of fluid mechanics is modified at finite \; in the uncharged
case, for instance, it is T' > f(A).
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gravitational construction we should compare them to. The entropy of the fluid is an inte-
gral over the boundary. The entropy of the black hole is an integral over the horizon. Per-
haps there exists a natural map from the horizon to the boundary that allows one to convert
horizon densities to boundary densities and vice versa. Such a map (for which we have no
conjecture) would permit a gravitational prediction s, the local entropy density of the fluid.

The fluid velocity is another quantity for which it would be useful to have a gravita-
tional definition. We do not really have a serious proposal for such a definition: nonetheless,
in the next few paragraphs we outline a caricature proposal, in order to give the reader
a sense of the types of relations that might exist (we emphasise that we do not have any
physical reason to believe that this caricature has any truth to it).

In the black hole solutions, there is one special Killing vector, K = 0; +€Q,04,, that is
also the null generator of the horizon. It has the norm

2

r?~~2  at the boundary,

|IK|* = —K"'K, =
0 at the horizon.

If we were to normalise it with respect to the metric of the conformal boundary, the result
would be K = ~vK. This could be identified with the fluid velocity u*. However, as 7 is
not constant, K is not a Killing vector. It also seems unnatural to use a normalisation
factor that depends on 6 but not r. Nonetheless, this much maligned vector field has an
interesting property.

Recall that black hole temperature and chemical potentials can be computed from the
formulae

po & _VOGIEDTED| g
2m 2m '

“|
horizon
horizon

If one were to replace K with K in the formulae above, one would obtain 7 and u;, the
local temperature and chemical potentials of the fluid.

We end this paper by reminding the reader that, while our proposal has passed many
checks, our work has left one significant puzzle unresolved. While the thermodynamics
and stress tensors of uncharged rotating black holes in every dimension, plus all known
black holes in AdS7 x S* and AdSs x S7, deviate from the predictions of the Navier-Stokes
equations only at second order in lyg,, the situation is more complex for black holes in
AdS5 x S5. In this case, black holes with at least one SO(6) charge equal to zero also agree
with the results of the Navier-Stokes equations up to O(lfnfp). However the thermodynamics
of rotating black holes with all SO(6) charges nonzero, appears to deviate from our fluid
mechanical predictions at O(lwfp) (see section B.10).

We consider this a significant puzzle as our fluid dynamical configurations solve the
Navier-Stokes equations including O(l.,g,) dissipative contributions. Moreover, in ap-
pendix [A] we have checked by direct enumeration that all possible vectors and traceless
symmetric tensors that transform homogeneously under conformal transformation and con-
tain a single derivative simply vanish on our solution, so it is difficult to see how any one
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derivative modification to the equations of fluid dynamics could help resolve this puzzle.?S
Once this puzzle is resolved it would be interesting to attempt to reproduce the (’)(lilfp)
corrections to black hole thermodynamics from appropriate additions to the equations of
fluid dynamics. It is perhaps worth emphasising that black holes in AdS represent exact
(to all orders in lng,) solutions to a dynamical flow. A detailed study of these solutions
might lead to new insights into the nature of the fluid dynamical approximations of the

high energy regime of quantum field theories.
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A. Conformal fluid mechanics

Consider a conformal fluid in d dimensions. We seek the conformal transformations of
various observables of such a fluid. To this end, consider a conformal transformation which
replaces the old metric g, with g,, given by

G = € Gy g =eT0g.
The Christoffel symbols transform as
K = D5 + 05040 + 8,020 — Gaud"" 006 -
Let u# be the four-velocity describing the fluid motion. Using g, u*u” = g, ulu” =
—1, we get ut = e %a*. Tt follows that the projection tensor transforms as P* = gM +

¥ = e~29 P The transformation of the covariant derivative of u# is given by

Vit = Qu + Thgut = o= [V, 0 + 607050 — Guni 30,0 (A1)

26Tt has been suggested that certain pathologies in relativistic fluid dynamics lead to the breakdown of
the derivative expansion [@] (See also [@] and the references therein). As any such pathology should apply
equally to two charge and three charge black holes, we find it difficult to see how this issue could have
bearing on our puzzle. We thank S. Gupta and H. Liu for discussions on this issue. Another possibility
is that the formulae of black hole thermodynamics receive corrections — perhaps from Wess-Zumino type
terms — that are nonzero only in an even dimensional bulk (and so in ten but not in eleven dimensions)
and only when all charges are nonzero. We thank O. Aharony for suggesting this possibility.
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The above equation can be used to derive the transformation of various related
quantities

Y =V,ut = e™? [19 + (d—1)a’ a¢] )

a’ = u'V,u” = e 20 {d” + ]5”"(%(;5} ,

1 \ N 1 o (A.2)
ot = 5 (P“ Vu” + PY V,\u“> — mvﬂP‘“’ = e 305H
wh? = ! <P”’\V>\u” — P")‘V)\u“> = e 30M

2

Further, the transformation of the temperature and the chemical potential can be written
as T = e 7 and p = e ?fi. The transformation of spatial gradient of temperature
(appearing in the Fourier law of heat conduction) is

P™(3,T +a,T) =e P (9,T +a,T).

(d—2) (d—1)

The viscosity, conductivity etc. scale as k = e~ kK, n =e" 7, ui = e~?4; and
Dij = e_(d_2)¢Dij.
For a fluid with ¢ charges, there are 2c + 2 vector quantities involving no more than a

single derivative which transform homogeneously?’. They are

0, 9
u’, Oy, O,T + (au — ﬁuu> T, vu’0,v; and (u“&,’]’ + ﬁ7> ul.
In the kind of solutions we consider in this paper, all of them vanish except u*.

The transformation of the stress tensor is T# = e~ (d+2)¢T #¥ from which it follows that
VMT/M/ _ e—(d+2)¢(6ufuu _ g}\gf)\aguaaa(b) )

So, for the stress tensor to be conserved in both the metrics, it is necessary that TH is
traceless.

To consider the possible terms that can appear in the stress tensor, we should look at
the traceless symmetric second rank tensors which transform homogeneously. The tensors
formed out of single derivatives which satisfy the above criterion are easily enumerated.
For a fluid with ¢ charges, there are 2c + 4 such tensors and they are

Wy vV 1 Qv N7z Wy v v, 1 o v Wy vV 1 Nz
utu +Eg A Tl S T <u807+—7><uu —I—Eg >,

d=1 (A3)

lua/\. /\u._ﬂg ) o T4 l;w
2<u l/l+u8m> duagul and uagl/l<uu —I—dg >
Among these possibilities, the stress tensor we employ just contains the tensors in the first
line. It can be shown that the other tensors which appear in the above list can be removed
by a redefinition of the temperature etc. Even if they were to appear in the stress tensor,
for the purposes of this paper, it suffices to notice that all such tensors except u*u” + % gtv
vanish on our solutions. Hence, they would not contribute to any of the thermodynamic
integrals evaluated on our solutions.

*"Tn the following analysis, we will neglect pseudo-tensors which can be formed out of ¢,,.... Additional
tensors appear if such pseudo-tensors are included in the analysis.
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B. Free thermodynamics on spheres

In (E11]) above, we have presented a general expression for the grand canonical partition
function for any conformal fluid on a sphere. In this appendix , we compare this expression
with the conformal thermodynamics of a free complex scalar field on a sphere.

Strictly speaking, the fluid dynamical description never applies to free theories on a
compact manifold, as the constituents of a free gas have a divergent mean free path (they
never collide). Nonetheless, as we demonstrate in this subsection, free thermodynamics
already displays some of the features of ([L.11]) - in its dependence on angular velocities, for
example - together with certain pathologies unique to free theories.

Consider a free complex scalar field on S%~!x time. This system has a U(1) symmetry,
under which ¢ has unit charge and ¢* has charge minus one. We define the ‘letter partition
function’ B7] Ziet as Trexp [-BH + vR + $Q,L,] evaluated over all spherical harmonic
modes of the scalar field

— e 28
_ (v —v —ﬁﬂ 1 €
Z =@+ (e ) B

(this formula, and some of the others in this section, are valid only for even d; the gen-
eralisation to odd d is simple). We will now examine the high temperature limit of the
grand-canonical partition function separately for v = 0 and v # 0.

B.1 Zero chemical potential: (v =0) case

The second quantised partition function, Z,. for the scalar field on the sphere is given by

N

For small 3, we have

4
Dot = .
T L0 - 92)
It follows that?8 ld
In Zg = ¢(d) (B.3)

Bd_l Ha(l - Qtzz) '
Upon identifying Vyh|,—o = 4¢(d), we find that (B.J) is in perfect agreement with ([L.11)).

B.2 Nonzero chemical potential: (v # 0) case

The high temperature limit of the thermodynamics of a free, charged, massless field is
complicated by the occurrence of Bose condensation. This phenomenon occurs already
when w, = 0; this is the case we first focus on.

It is useful to rewrite the letter partition function as

Ziet = (2coshv) e A% Z m(N)e PN, (B.4)
N

28 This formula has been derived before in many contexts, for example [@] have derived this in d = 4 and
compared it with the thermodynamics of black holes in AdSs.
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where m(N) ~ 2N92/(d — 2)! for N > 1. The logarithm of the grand canonical partition
function may then be written as a sum over Bose factors (one per ‘letter’)

InZ, = — Z m(N) [ln(l — e—ﬁ(N+(d_2)/2)+u) +1In(l— e—ﬁ(N+(d_2)/2)—u)] ' (B.5)
N

The total charge in this ensemble is given by

1 1
= ln Zge = Zm ( BIN+([d-2)/2)—v _ 1  oBIN+H(d—2)/2)+v _ 1> : (B.6)

In order to compare with fluid dynamics, we should take 3 to zero while simultaneously
scaling to large R as R = 5 = with ¢ held fixed. As we will see below, in order to make the
total charge R large, we will have to choose the chemical potential to be large. However
it is clear from (B.J) that |v| < B(d — 2)/2. Consequently, the best we can do is to set
v = [((d—2)/2) — € where € will be taken to be small. We are interested in the limit when
(3 is also small. We may approximate (B.6) by

g 1 1 - 1 1
Bd—1 ~ ¢ @Bld—2)—c _ ] * NE_:l (eﬁN+e 1 BINF(d2)—e _ 1> : (B.7)
The only solution to (B.7) is
Bd—l
€= . (14+0(B)).
Substituting this solution into the partition function, we find
4¢(d)
InZ, = BT (1+0(9)). (B.8)

Consequently, to leading order the partition function is independent of the charge ¢ ! What
is going on here is that almost all of the charge of the system resides in a Bose condensate
of the zero mode of the field ¢. This zero mode contributes very little entropy or energy to
the system at leading order in $.2? At high temperatures, the zero mode is simply a sink
that absorbs the system charge, leaving the other thermodynamic parameters unaffected.
Upon generalising our analysis to include angular velocities, we once again find that the
leading order partition function (in the limit of high temperatures and a charge R = ¢/ 6d_1)
is independent of ¢ and in fact is given by (B.J). Consequently, there is a slightly trivial (or
pathological) sense in which the thermodynamics of a free charged scalar field agrees with
the predictions of fluid mechanics - we find agreement upon setting h(r) to a constant.

C. Stress tensors from black holes

According to the usual AdS/CFT dictionary, the boundary stress tensor on S%~!, corre-
sponding to any finite energy solution about an AdSp background of gravity may be read

2In particular, the contribution of the zero mode to the energy is proportional to the charge, which is
suppressed by a factor of 3 relative to the contribution to the energy from nonzero modes.
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off from the metric near the boundary, using the following procedure [J-[[0]. First we
foliate the spacetime near the boundary into a one parameter set of d geometries, each of
which is metrically conformal to S?~! x R, to leading order in deviations from the bound-
ary. We will find it convenient to use coordinates such that the leading order metric in the
neighbourhood of the boundary takes the form

ds® = —r?dt? + r2dQ> d—TQ C.1
§" = —r +r d—1+r2 (C.1)

(here r = oo is the boundary; this metric has corrections at subleading orders in %2)

In these coordinates, our foliation surfaces are simply given by r = const. We next
compute the extrinsic curvature @Z = —V,n” on these surfaces, where n” is the unit
outward normal to these surfaces. The boundary stress tensor for the dual field theory on
a unit sphere is given by [f-[[q] as®

D-1

I1Y = lim

B Sk
Jim (0 - 3£0), (C.2)

where the coordinates j, v go over time and the angles on SP~1.

The stress tensor as defined above will contain some terms which are independent
of mass and charge of the black hole. These are the terms that are nonzero even on the
vacuum AdS background and they diverge in the limit » — oco. These terms are all precisely
cancelled, up to a zero point Casimir energy, by counter terms presented in section 2 of .
We will simply ignore all such terms below; consequently, the stress tensors we present
in this paper should be thought of as the field theory stress tensors with the contribution
from the Casimir energy subtracted out.3!

In order to compute the stress tensor in ([C.9), we must retain subleading corrections
to the metric in ([C.1). However, only those corrections that are subleading at (’)(T,D%l)
(relative to the leading order metric in ([C.])) contribute to (C.9).

In order to compute the stress tensor corresponding to two classes of black hole so-
lutions below, we adopt the following procedure. First, we find a coordinate change that
casts the metric at infinity in the form (C.)) at leading order. Next we compute all the
subleading corrections to the metric at order (’)(TD%). Finally, we use these corrections to
compute the extrinsic curvature ©4 and then II} using (C.2).

C.1 Stress tensor from rotating uncharged black holes in AdSp

C.1l1 D=2n+1

The most general rotating black hole in an odd dimensional AdS space is given by equation
(E.3) of [IF] (we specialise to odd dimensions by setting the parameter € in that equation
to zero). The metric presented in [[[§] uses as coordinates

1
87Gp

30We rescale the stress tensor of [E] by a factor of in order that the energy of our solutions is given
by [ al II9 with no extra normalisation factor.

31Recall that the full stress tensor of a general d dimensional conformal field theory is not traceless on
an arbitrary manifold; however the trace is given by a function of the manifold curvature independent of
the field theory configuration. It follows that our stress tensor with Casimir contribution subtracted must

be traceless, as indeed it will turn out to be.
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1. The n Killing azimuthal angles ¢; along which the black hole rotates. These may be
identified with the coordinates ¢; in section [ of our paper.

2. n other unspecified variables (called ‘direction cosines’) p; subject to the constraint
> ,u? = 1. These may be thought of as the remaining n — 1 coordinates on S**~1.

3. The radial variable r and timelike variable t.

In order to cast the metric of [LF] into the form (C.1]) near the boundary, we perform
the following change of coordinates

n 2 2Y,,2
N e+ a;)u;
7 Z% Pi(l—af) = (* + adu;. (C.3)
i=1 ?

Note that
n n
S=Y o1
i=1 i=1
This equation may be solved by writing fi; as functions of the n — 1 variables §; (which
may then be identified with the coordinates used in section [f)

i—1
[ = H cos? 0; sin? 0; .
=1

In these coordinates, the metric in the neighbourhood of r — oo becomes

d
ds? = —(1+72)at? + = 22 (A2 + A2de?)
2m n 2m o,
+ g A + mVQ dr* (C.4)
4mal,ul S(n+1) L 2maa g
_Z F2n—2 Jdide; + Z = M+ Ddg,dg;

i=1,j=1

where we have retained all terms that are subleading up to (’)(%) compared to the metric
of pure AdS. Here v72 =1 - Y1  a?i? and Y1 | i2dp? = Z?;ll (H]—1 cos? 0, > d6? as
in (I3).

Note that this metric separates into two parts; the first piece (on the first line of (IC.4))
is the metric of pure AdS space while the terms of the remaining lines represent correction
proportional to the mass m.

The normal vector is given by n; = ? (with all other components zero). As our met-

ric contains no terms that mix r with other coordinates at leading order, this is the same as

1
= 1 - 1\2 m

Since the normal vector has only the 7 component and since the component is a function of
7 only, to compute the extrinsic curvature tensor ©% one needs only those components of I’

— 50 —



that are of the form I'{ .. The Christoffel symbols (that are relevant for the calculation of the
stress-tensor) as calculated from this metric up to the first subleading term in 7 are given by

t T 2nm 2( +1) o _2nmai 2( +1)
th—~2_|_1< 72n | " Ui =517 "
2nma i’ . 1 2nma;a;fi
¢ 20T 2(nt) i _ o 2Byl 2(nt1) .
1
0
Tor ==

The extrinsic curvature ©F in this case is given by

O = -T%n"+0 <L> .

772n+1

Ignoring all terms in O, that are independent of mass (for the reasons explained in the
introduction to this appendix) we find

D+1 D+1
my _ ;o my 5 _
Of = ——p (D =1-77%) Of = —p (D~ Daiii +77%)
(D — 1)myPHt . (D-— 1)mAyP+1 ) o
@¢z‘ _ _(D - 1)m7D+1 ] @91- - m'V(D_l)
t FD—1 @i 0; — ~ FD-1

Here the n has been replaced by %. It may easily be verified that ©f is traceless and
therefore the stress tensor is also traceless according to the definition (C.2). Raising one
index in © by asymptotic AdS metric, normalising it appropriately and then taking the
large 7 limit one can derive the stress tensor as given in (.10).

Cl2 D=2n+2

The computation of the boundary stress tensor for the most general uncharged rotating
black hole in even dimensional AdS spaces is almost identical to the he analysis presented
in the previous subsection. Once again the metric is given in equation (E-3) of [[[§], where
we must set € to 1 to specialise to even dimensions. The coordinates of the black hole
solution are similar to those described in the previous subsection, except that there are
n + 1 coordinates p; restricted by a single equation ), p? = 1. Repeating the computa-
tions described in the previous subsection, our final result is once again simply (C.6). In
summary ([C.6) is correct no matter whether D is odd or even.

C.2 Black holes in AdS; with all R-charges equal

In this subappendix, we compute the boundary stress tensor for a class of charged black
holes, namely for black holes in AdSs with all three R-charges equal. Our computation
will verify the striking prediction of section [} that the functional form of this stress tensor
is independent of the black hole charge in the fluid dynamical limit.
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The metric for rotating black holes with all R-charges equal is given by (equation (1)

of [1§)

AG(1 + y?)p2dt + 2qu)dt 2 Apdt 2 pRdy?
£e? = Bal+y7)p 2 guldt qz;w+i4< o _w> L Py
Easz P P EaZb Ay
o ek T SR Tl P 0
in“ 0d s 0d
+Ag + S sin“ 0d¢” + S cos” 6dy?,
where
2 2/, 2 4 72 2 2
Ay:(y +a”)(y +b)(12+y )+t 2abg
Yy
0’ =y + a®cos? 0 + b%sin 0,
Aézl—a2cos2§—b2sin2§,
Y, =1 — d?,
5, =11 (C.8)

f=2mp* — ¢* + 2abqp®,

v =bsin® d¢ + a cos? Od1p

w =asin® 5@ + bcos? é;—qﬁ .
a b

This metric takes the form ([C.I) near the boundary, once we perform the change of
coordinates®?

s Y1 —a®cos?f — b?sin?0) + a®sin 0 + b% cos® f — a2
rT =

Yadip ’
2 2 : 2§
2 sin? 0 :% , (C.9)
2 2 210
72 cos? 6 :—(y ) cos 9.
2

Retaining corrections only to order O(1/r*) relative to the leading order metric ([C.1)), the
metric in our new coordinates becomes?3

2m . 5 2(m+abq)
T’GAg dr+ 7‘2Ag
(2ma? + 2bq) sin* 0
TZAZ’

dr?
ds? = — (1+r3)dt?+ ——
s (147r%) +1+r2

2(2am + bq) sin? 0
B r2A3 dide - r2A3

2mb? + 2aq) cos* 0 2(2abm + a’q + b%q) sin 0 cos? 0
r2Ay r2Ay

+72(d6? +cos? fdyp® +sin? 0d¢?) + de?

2(2bm + aq) cos? 0

dtdeyp + dg?

(C.10)

32We thank Sangmin Lee for pointing out a typo in a previous version of this paper.
33The leading behaviour at large r of the pure AdS metric given in terms of % and rda where « represents

the coordinates 0, ¢, ,t. In the expression below, we have retained all coefficient terms of these ‘forms’
that are at most of order %;

— 52 —



where Ay =72 =1—a’sin?0 —

The unit normal vector to constant r slices is given by n, =

b2 cos? 0. with « as in section B.2

\/% (with all other

components zero). As our metric contains no terms that mix  with other coordinates at

1
VGrr”

leading order , this is the same as n" =

The Christoffel symbols (that are relevant for the calculation of the stress-tensor) as

calculated from this metric up to the first subleading term (i.e. up to O(

are given by

. 4(m + abg)
Lir 21 <1 * r4(1 — a2 sin? § — b2 cos? 0)3
v _ 2(2bm + aq)

7 r5(1 — a2 sin 0 — b2 cos? 6)3
r? 1 <1 4(a m+abq)sin29 )

oy 4(1 — a?sin? 6 — b2 cos? )3
v 1 <1 4(b*m + abq) cos® 0 >

vrp r4(1 — a2 sin? § — b2 cos? 0)3
¢ — (2abm + a%q + b2q) cos® 0

YT 5 (1 — a2sin? 0 — b2 cos? 0)3

The extrinsic curvature, ©}, is given by

1

o= (1+%)
S=—VTFiE (1- 75
\/W(l
6

l\.’)

3a sinZ g —

2(2am + bq)’y sin?
e, = oy
. 2(2bm + aq)’y cos? 6
Oy = "

o 2(2abm + b2q + a’q)y¥ sin? 0 ¢
®¢ o 4 9111
r

4
g _ my
@9 - 7 )
where 72 = [ é_bQ —3g- Lherefore
© =0, =

It is easily verified that @§

6
<1 + %(3 + a*sin? 0 + b? cos? 9)> —
3b2c:os 6 — a®sin 9—1—1)>+

oy = —

L) terms) in r

) ré _ 2(2am + bq)
7 r5(1 — a2 sin? 0 — b2 cos? )3
rto— 2(2am + bq) sin? 0
" r5(1 — a2 sin% § — b2 cos? 0)3
o 2(2bm + aq) cos® 0
" r5(1 — a?sin% § — b2 cos? 0)3
FZT =
v (2abm + a%q + b2q) sin” 0
or p5(1 —a2sin?f — b2 cos? )3
(C.11)
4abg~b
4
b? cos? 6 + 1)> + 74abq764sin2 f
”
4abqy cos® 0
-
2(2am + bq)~° (C.12)
A
2(2bm + aq)~®
4
2(2bam + b%q + a2q)75 cos? 0

rd

is traceless when the r dependent divergent terms are

cancelled by the counter terms at the limit r going to infinity. After cancelling the divergent
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Symbol | Definition Symbol | Definition
D |Dimension of bulk d|D — 1, Dimension of boundary
Gp|Newton Constant in AdSp n|[d/2], no. of commuting
¢|no. of commuting R-charges angular momenta
Rags |AdS radius (taken to be unity) V| Volume of S41, lg&d//;)
Ry, 7y |Horizon radius Imp | Mean free path, n/p
& |Fluid energy p|Proper density
S |Fluid entropy s|Proper entropy density
7T | Fluid temperature ‘P | Pressure
R; |Fluid R-charge r;| Proper R-charge density
i | Fluid chemical potential I'| Thermodynamic potential (2.13)
® | Thermodynamic potential (R.9) h|P/T?, see (B-11)
hi 8}1/81/2 v; ,LLZ'/T
TH | Stress tensor J éf Entropy current
J!"|R-charge current ut|dzt /dT = v(1,7), fluid velocity
wq | Angular velocities | (1— v2)_1/2
V2|3, Goudaw? PH 1 Projection tensor, g"” + utu”
a*, 9, ot |see (R.) ¢, n|Bulk, shear viscosity
¢"|Heat flux, see (2.9) k| Thermal conductivity
¢! | Diffusion current, see (B.5) D;; | Diffusion coefficients
E, H|Total energy (B.8) S| Total entropy (B.9)
L, |Angular momenta (B.§) R;| Total R-charges (B.9)
Q| Angular velocities (B.29) T'|Overall temperature (B.29)
(i | Overall chemical potentials (B-23) Z,. | Partition function (B-21))
OM |Extrinsic curvature I1*¥ | Boundary stress tensor
n*|Unit normal to boundary h*" | Induced metric of boundary
7| Integration constant (B.11) r;| Thermodynamic parameters (.J)
m,q, s;, H; | Black hole parameters XY, Z\|1/(1+ &) (B1)

Table 1: Summary of variables used. Numbers in parentheses refer to the equation where it is

defined

terms and then normalising it according to ([C.2) the stress tensor is given by

w_ M 6 2 2 2 .2 _4ab‘J6
I = r—en <’y (3+a“ sin® 0+b cos* 0) - ’y)
m 4, 9 4abq
= 4y —-1) —
G- (’y e L >
s - ™ (.6 3a%sin? 0 —b% cos? 0+1 Aabg_g
- 81Gs U sin? 6 m v
m 4 9 9 1 4abq
= 4 —
81GH (7 < Tt sin29> m
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e ™ 46 3b% cos? §—a?sin? 0+1 _ 4abg ,6
87(Gs cos? 0 m
m 4 9 9 1 4abg ¢
= 4 —
87Gs (7 < et 00820> m |
im 2bq 4m 2aq
¢ _ 7ot — _ Y 6 t) _ et _ _4agy ¢
i i <87TG5> <a m > 7 =1 <87TG5> <b m >7
4m 2(a® + b?)q m
TI%% — 11¥% — b— 6 o0 — 4
8w (G @ m i 8w (G i

As we have explained in section .4, ¢/m ~ 1/ry, and so all terms proportional to ¢ in
the equation above are subdominant compared to terms proportional to m in the fluid
mechanical limit ry — oo. Dropping all ¢ dependent terms, we find ([C.13) matches
perfectly with the stress tensor as derived in (B.1J) and (B.17) upon identifying (¢1, ¢2) =

(@5,?,/))7 (w1,w2) = (a> b) and using ()

D. Notation

We work in the (— + ++) signature. p,v denote space-time indices, i,j = 1...c label
the ¢ different R-charges and a,b = 1...n label the n different angular momenta. The
dimensions of the AdS space is denoted by D whereas the spacetime dimensions of its
boundary is denoted by d = D — 1. In this paper we consider fluids on SP~2 x R or
equivalently S?~! x R. Here we present some relations which are useful in converting
between n, D and d:

D=d+1=2n+2—- (D mod 2)
d=D—-1=2n+(d mod 2)

25

where [z] represents the integer part of a real number z.
A summary of the variables used in this paper appears in table [.
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